Moduli spaces of manifolds: a user's guide by Galatius, Soren & Randal-Williams, Oscar
ar
X
iv
:1
81
1.
08
15
1v
2 
 [m
ath
.A
T]
  1
4 M
ar 
20
19
MODULI SPACES OF MANIFOLDS: A USER’S GUIDE
SØREN GALATIUS AND OSCAR RANDAL-WILLIAMS
Abstract. We survey recent work on moduli spaces of manifolds with an
emphasis on the role played by (stable and unstable) homotopy theory. The
theory is illustrated with several worked examples.
1. Introduction
The study of manifolds and invariants of manifolds was begun more than a
century ago. In this entry we shall discuss the parametrised setting: invariants of
families of manifolds, parametrised by a base manifold X . The invariants we look
for will be cohomology classes in X , characteristic classes.
This article will be structured in the following way.
(i) A discussion of the abstract classification theory. The main content here is
the precise definition of the kind of families we consider, and an outline of how
a classifying space may be constructed. There is one such classifying space for
each pair (W,ρW ) consisting of a closed manifoldW and a tangential structure
ρW , see §2. The more general case where W is compact with boundary is
briefly discussed in §4.6.
(ii) Definition of Miller–Morita–Mumford classes, the main examples of charac-
teristic classes. With this definition in place, we state a first version of the
main result of [GRW14, GRW18, GRW17]: a formula (see Theorem 3.3) for
rational cohomology of the classifying spaces in a range of degrees, for many
instances of (W,ρW ).
(iii) Statement of the main result of [GRW14, GRW18, GRW17] in their general
forms. These statements require a bit more homotopy theory to formulate
but apply quite generally, at least for even-dimensional manifolds, see the
theorems in §4.
(iv) Examples of calculations and applications. The results surveyed in §§3–4 are
quite well suited for explicit calculations. We believe this to be an important
feature of the theory, and have included a supply of worked examples of var-
ious types to illustrate this aspect, many of which have not previously been
published. In §5 we will focus on calculations in rational cohomology, and we
include a detailed study of some complete intersections. In §6 we carry out
some integral homology calculations, focusing on H1.
Our theorems apply in even dimensions 2n ≥ 6, but were inspired by the break-
through theorem of Madsen and Weiss [MW07] in dimension 2, building on earlier
ideas of Madsen and Tillmann [MT01] and Tillmann [Til97].
2. Smooth bundles and their classifying spaces
First, some conventions. By smooth manifold we shall always mean a Hausdorff,
second countable topological manifold equipped with a maximal C∞ atlas, and
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smooth map shall always mean C∞. We shall generally use the letter M with
various decorations for variants of classifying spaces for families of manifolds, and
the letter F with various decorations for the functor it classifies.
2.1. Smooth bundles. Our notion of “family” of manifolds will be smooth fibre
bundle, possibly equipped with extra tangent bundle structure, as follows. If V is
a d-dimensional real vector bundle we shall write Fr(V ) for the associated frame
bundle, which is a principal GLd(R)-bundle.
Definition 2.1. Let d be a non-negative integer.
(i) A smooth fibre bundle of dimension d consists of smooth manifolds E and
X (without boundary) and a smooth proper map π : E → X such that
Dπ : TE → π∗TX is surjective and the vector bundle TπE = Ker(Dπ) has
d-dimensional fibres. The bundle TπE is called the vertical tangent bundle.
(ii) If Θ is a space with a continuous action of GLd(R), a smooth fibre bundle with
Θ-structure consists of a smooth fibre bundle π : E → X , together with a
continuous GLd(R)-equivariant map ρ : Fr(TπE)→ Θ.
Typical choices of Θ include the terminal one Θ = {∗}, and Θ = Z× = {±1}
on which GLd(R) acts by multiplication by the sign of the determinant. In the
former case a Θ-structure is no information, and in the latter it is the data of a
continuously varying family of orientations of the d-manifolds π−1(x). (The space
of equivariant maps Fr(TπE) → Θ may be modelled in other ways, equivalent up
to weak equivalence, see §4.5.)
Any smooth map f : X ′ → X will be transverse to any smooth fibre bundle
π : E → X as above, and the pullback (f∗π) : f∗E → X ′ is again a smooth fibre
bundle. Given a Θ-structure ρ on π, we shall write f∗ρ for the induced structure
on (f∗π).
2.2. Classifying spaces. The natural equivalence relation between the bundles
considered above is concordance, which we recall.
Definition 2.2. Let π0 : E0 → X and π1 : E1 → X be smooth bundles with
Θ-structures ρ0 : Fr(Tπ0E0)→ Θ and ρ1 : Fr(Tπ1E1)→ Θ.
(i) An isomorphism between (π0, ρ0) and (π1, ρ1) is a diffeomorphism φ : E0 → E1
over X , such that the induced map Fr(Dπφ) : Fr(Tπ0E0)→ Fr(Tπ1E1) is over
Θ.
(ii) A concordance between (π0, ρ0) and (π1, ρ1) is a smooth fibre bundle π :
E → R ×X with Θ-structure ρ : Fr(TπE) → Θ, together with isomorphisms
from (π0, ρ0) and (π1, ρ1) to the pullbacks of (π, ρ) along the two embeddings
X ∼= {0} ×X ⊂ R×X and X ∼= {1} ×X ⊂ R×X .
Pulling back is functorial up to isomorphism and preserves being concordant.
Definition 2.3. For a smooth manifold X without boundary, let FΘ[X ] denote
the set of concordance classes of pairs (π, ρ) of a smooth fibre bundle π : E → X
with Θ-structure ρ : Fr(TπE) → Θ. (Note that X is fixed, but E is allowed to
vary.)
Theorem 2.4. The functor X 7→ FΘ[X ] is representable in the (weak) sense that
there exists a topological space MΘ and a natural bijection
FΘ[X ] ∼= [X,MΘ], (2.1)
where the codomain denotes homotopy classes of continuous maps.
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There are various ways to prove this representability statement. In the series
[GRW14, GRW18, GRW17] we did this by constructing explicit point-set models
in terms of submanifolds of R∞. Instead of repeating what we said there, let us
outline an approach based on simplicial sets and the observation that the functor
FΘ may be upgraded to take values in spaces, and the natural bijection (2.1) may
be upgraded to a natural weak equivalence to the mapping space.
Definition 2.5. Let ∆•e be the cosimplicial smooth manifold given by the extended
simplices ∆pe = {t ∈ R
p+1 | t0 + · · ·+ tp = 1}.
For a smooth manifold X let FΘ• (X) denote the simplicial set whose p-simplices
are all pairs (π, ρ) consisting of a smooth fibre bundle π : E → ∆pe × X with
Θ-structure ρ : Fr(TπE)→ Θ.
As they stand, these definitions are not quite rigorous: FΘ[X ] and FΘp (X) are
not (small) sets for size reasons, and FΘp (X) is not functorial in [p] ∈ ∆ because
pullback is not strictly associative on the level of underlying sets. This may be
fixed in standard ways, e.g. by requiring the underlying set of E to be a subset of
X ×Ω for a set Ω of sufficiently large cardinality. See e.g. [MW07, Section 2.1] for
more detail.
Proposition 2.6. Let Man and sSets be the categories of smooth manifolds and
simplicial sets, and let FΘ• : Man
op → sSets be the functor defined above. Then we
have a natural bijection
FΘ[X ] ∼= π0F
Θ
• (X)
and a natural weak equivalence of simplicial sets
FΘ• (X)
≃
−→ Maps(Sing(X),F•({∗})). (2.2)
Consequently, we may take MΘ := |FΘ• ({∗})| in Theorem 2.4.
In this statement we take Sing(X) to mean the smooth singular set, i.e. the
simplicial set [p] 7→ C∞(∆pe , X). It is equivalent to the usual simplicial set made
out of all continuous maps ∆p → X by a smooth approximation argument, and
in particular the evaluation map |Sing(X)| → X is a homotopy equivalence by
Milnor’s theorem. The codomain of (2.2) is the simplicial set of maps into the Kan
complex F•({∗}), homotopy equivalent to the space of maps X → |F•({∗})|.
Proof sketch. The first claim follows by identifying 1-simplices of FΘ• (X) with con-
cordances between 0-simplices.
For the second claim, we define the map (2.2) by pulling back. To check that it
is a weak equivalence one first verifies that both sides send open covers X = U ∪ V
to homotopy pullback squares and countable increasing unions to homotopy limits.
Hence it suffices to check the case X = Rn. Then one checks that both sides send
X×R→ X to a weak equivalence, so it suffices to check X = {∗}, which is obvious.
The third claim follows by combining the first and the second claim and the
homotopy equivalence |Sing(X)| → X given by evaluation. Alternatively it may be
quoted directly from [MW07, Section 2.4]. 
The above proof of Theorem 2.4 gives an explicit bijection (2.1). Indeed, an
element (π, ρ) ∈ F0(X) gives a morphism of simplicial sets Sing(X) → FΘ• ({∗})
and hence a canonical zig-zag
X
ev
←− |Sing(X)|
(π,ρ)
−→ |FΘ• ({∗})| =M
Θ. (2.3)
The map ev : |Sing(X)| → X is a homotopy equivalence, and we may choose a
homotopy inverse. For example, a smooth triangulation of X gives such an inverse,
which is even a section. The resulting homotopy class of mapX →MΘ corresponds
to [(π, ρ)] under the bijection (2.1).
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For later purposes, let us explain how a universal fibration πΘ : EΘ → MΘ
modelling the bundle π : E → X may be constructed by the same simplicial method.
Let F˜Θ• (X) be the simplicial set whose p-simplices are triples (π, ρ, s) where (π, ρ)
is as before and s : ∆pe ×X → E is a section of π, and set E
Θ := |F˜Θ• ({∗})|. The
zig-zag (2.3) above associated to an element (π, ρ) ∈ FΘ0 (X) now extends to a
canonical diagram
E |Sing(E)| EΘ
X |Sing(X)| MΘ
π
≃
πΘ
≃ (π,ρ)
in which both squares are homotopy cartesian, and the top right-hand map is that
associated to the data (pr1 : E ×X E → E, ρ ◦Dpr2, diag : E → E ×X E).
Finally, a p-simplex (π : E → ∆pe , ρ, s) of E
Θ gives a map ℓ = (ρ/GLd(R)) : E ∼=
(Fr(TπE)/GLd(R)) → (Θ/GLd(R)). Composing with the section s|∆p : ∆p → E
then gives rise to a map of simplicial sets
F˜Θ• ({∗}) −→ Sing(Θ/GLd(R))
realising to a map EΘ → |Sing(Θ/GLd(R))|. The orbit space Θ/GLd(R) need not
be well behaved, and we would like to replace it by the homotopy orbit space
B = Θ//GLd(R) := (EGLd(R) × Θ)/GLd(R). Taking homotopy orbits of the map
Θ → {∗} yields a map θ : B → BGLd(R). Repeating the construction above with
EGLd(R)×Θ instead of Θ allows us to construct a zig-zag
EΘ
≃
←− EEGLd(R)×Θ
ℓ
−→ |Sing(B)|
ev
−→ B
θ
−→ BGLd(R).
Slightly less precisely, we shall summarise this situation as a diagram
E EΘ B BGLd(R)
X MΘ
π πΘ
ℓ θ
(2.4)
where the square is homotopy cartesian. The vector bundle classified by the com-
position θ ◦ ℓ : EΘ → BGLd(R) is a universal instance of TπE, and shall be denoted
TπEΘ. The factorisation through θ gives an equivariant map ρΘ : Fr(TπEΘ) → Θ,
a universal instance of ρ : Fr(TπE)→ Θ.
2.3. Path connected classifying spaces. The bundles classified so far are incon-
veniently general. For example, we have not made any restrictions on the diffeomor-
phism type of the fibres of π : E → X . Hence, if e.g. Θ = {∗}, the set π0(MΘ) is
in bijection with the set of diffeomorphism classes of compact smooth d-manifolds
without boundary, a countably infinite set for any d ≥ 0. The homotopy type of
MΘ then encodes at once the classification of smooth manifolds up to diffeomor-
phism and the classification of smooth bundles, because it is the “moduli space”
(or “∞-groupoid”) of all d-manifolds.
We shall often study one path component of MΘ at a time, which corresponds
to fixing the concordance class of the fibres of the classified bundles. We introduce
the following notation.
Definition 2.7. Let Θ be a space with GLd(R) action,W be a compact d-manifold
without boundary, and ρW : Fr(TW ) → Θ be an equivariant map. Consider-
ing this as a family over a point yields a [(W,ρW )] ∈ π0MΘ, and we shall write
MΘ(W,ρW ) ⊂ MΘ for the path component containing (W,ρW ). This path com-
ponent is a classifying space for smooth fibre bundles π : E → X with structure
ρ : Fr(TπE)→ Θ, whose restriction to any point {x} ⊂ X is concordant to (W,ρW ).
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Remark 2.8. In the special case Θ = {∗} the maps ρ : Fr(TπE)→ Θ are irrelevant,
and in this case we shall write simplyM(W ). This space classifies smooth bundles
π : E → X with fibres diffeomorphic to W with no further structure, and we have
the weak equivalence
M(W ) ≃ BDiff(W ),
where Diff(W ) is the diffeomorphism group of W in the C∞ topology. Similarly,
if Θ = Z× with the orientation action and W is given an orientation ρW , we shall
write Mor(W ) for MΘ(W,ρW ) and there is a weak equivalence
Mor(W ) ≃ BDiffor(W ),
where Diffor(W ) ⊂ Diff(W ) is the subgroup of orientation preserving diffeomor-
phisms. For general Θ, the homotopy type is described as the Borel construction
MΘ(W,ρW ) ≃
{ρ : Fr(TW )→ Θ, equivariantly homotopic to ρW }(
topological group of diffeomorphisms W → W
preserving the equivariant homotopy class of ρW
) .
See [GRW14, Definition 1.5], [GRW14, Section 1.1], or [GRW17, Section 1.1] for
further discussion of this point of view.
3. Characteristic classes
The main topic of this article is the study of characteristic classes of the sort of
bundles described above, i.e. the calculation of the cohomology ring of the classifying
spaces MΘ(W,ρW ). We first recall the conclusions in rational cohomology, which
are easier to state and often gives an explicit formula for the ring of characteristic
classes.
3.1. Characteristic classes. As before, let B = Θ//GLd(R) denote the Borel
construction. For a smooth bundle π : E → X with Θ-structure ρ : Fr(TπE)→ Θ,
we may form the Borel construction with GLd(R) and obtain a correspondence, i.e.
a diagram
X
π
←− E
≃
←− Fr(TπE)//GLd(R)
ρ/GLd(R)
−−−−−−→ B. (3.1)
We write ℓ : E → B for the homotopy class of maps associated to ρ//GLd(R). We
shall let Zw1 denote the coefficient system on B arising from the non-trivial action
of π0(GLd(R)) = Z× on Z, and let Aw1 = A⊗Zw1 for an abelian group A, and we
shall use the same notation for these coefficient systems pulled back to E along (3.1).
Then we have a homomorphism
ℓ∗ : Hk+d(B;Aw1) −→ Hk+d(E;Aw1). (3.2)
We also have a fibre integration homomorphism∫
π
: Hk+d(E;Aw1) −→ Hk(X ;A), (3.3)
where d is the dimension of the fibres of π. It may be defined e.g. as the composition
Hk+d(E;Aw1)։ Ek,d∞ ⊂ E
k,d
2 in the Serre spectral sequence for the fibration π, or
by a Pontryagin–Thom construction as in §4.2 below.
Given a class c ∈ Hd+k(B;Aw1), we may combine (3.2) and (3.3) and define the
Miller–Morita–Mumford classes (or MMM-classes) by the push-pull formula
κc(π) =
∫
π
ℓ∗c ∈ Hk(X ;A).
This class is easily seen to be natural with respect to pullback along smooth maps
X ′ → X , and in fact comes from a universal class
κc ∈ H
k(MΘ(W,ρW );A)
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for any (W,ρW ), any A, and any c ∈ Hk+d(B;Aw1), defined by the analogous
push-pull formula in the universal instance (2.4).
In the special case k = 0 and X = {∗}, the definition of κc ∈ H0(X ;A) = A
simply reproduces the usual characteristic numbers, c.f. [MS74, §16]. For example,
if d = 2n and e comes from the Euler class in Hd(BGLd(R);Zw1), then κe ∈
H0(X ;Z) = Z is the Euler characteristic of W . Henceforth we shall mostly be
interested in the case k > 0.
If A = k is a field, we may combine with cup product to get a map of graded
rings
k[κc | c ∈ basis of H
>d(B;kw1 )] −→ H∗(MΘ(W,ρW );k), (3.4)
whose domain is the free graded-commutative k-algebra on symbols κc, one for
each element c in a chosen basis (or more invariantly, on a degree-shifted copy of
the graded k-vector space H>d(B;kw1)).
3.2. Genus. All of our results will hold in a range of degrees depending on genus,
a numerical invariant that we first introduce.
Assume that d = 2n and let a GL2n(R)-space Θ be given. We shall assume
that n > 0 and that the homotopy orbit space Θ//GL2n(R) is connected, i.e. that
π0(GL2n(R)) = Z× acts transitively on π0(Θ).
The genus will be defined in terms of the manifold obtained from Sn × Sn by
removing a point, which plays a special role in this theory. Up to diffeomorphism
this manifold may be obtained as a pushout
Sn × Rn ←֓ Rn × Rn →֒ Rn × Sn, (3.5)
where the embeddings are induced by a choice of coordinate chart Rn →֒ Sn. Fol-
lowing [GRW18, Definition 1.3] a Θ-structure on Sn×Rn shall be called admissible
if it “bounds a disk”, i.e. is (equivariantly) homotopic to a structure that extends
over some embedding Sn × Rn →֒ R2n. Note that this is automatic if πn(Θ) = 0
for some basepoint. A structure on Sn × Sn \ {∗} is admissible if the restriction to
each piece of the gluing (3.5) is admissible.
Definition 3.1. Assume d = 2n > 0 and thatW is connected. The genus g(W,ρW )
of a Θ-manifold (W,ρW ) is the maximal number of disjoint embeddings j : S
n ×
Sn \ {∗} →W such that j∗ρW is admissible.
This appeared as [GRW18, Definition 1.3]. For example, when n = 1 and Θ =
π0(GL2(R)) = Z×, this is precisely the usual genus of an oriented connected 2-
manifold. The admissibility condition may be illustrated by the case Θ = GL2(R),
corresponding to framings on 2-manifolds. The Lie group framing on Σ = S1 × S1
satisfies g(Σ, ρLie) = 0, but there exist other framings ρ for which g(Σ, ρ) = 1.
In §3.4 below we shall explain how to determine a lower bound on the number
g(W,ρW ) in terms of more accessible invariants.
3.3. Main theorem in rational cohomology. The main results of [GRW14,
GRW18, GRW17] imply that the ring homomorphism homomorphism (3.4) is often
an isomorphism in a range of degrees when k = Q. We explain the statement.
Definition 3.2. Assume Θ//GL2n(R) is connected. We say Θ is spherical if S2n
admits a Θ-structure, i.e. if there exists an equivariant map Fr(TS2n)→ Θ.
The condition is equivalent to existence of an O(2n)-equivariant map O(2n+1)→
Θ. This obviously holds if the GL2n(R)-action on Θ admits an extension to an action
of GL2n+1(R) which holds in many cases, e.g. Θ = {±1} with the orientation action.
See [GRW14, Section 5.1] for more information about this condition.
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Theorem 3.3. Let d = 2n > 4, W be a closed simply-connected d-manifold, and
ρW : Fr(W )→ Θ be a Θ-structure which is n-connected (or, equivalently, such that
the associated ℓW : W → B = Θ//GLd(R) is n-connected). Equip B with the local
system Qw1 as above, and assume that Hk+d(B;Qw1) is finite dimensional for each
k ≥ 1. Then the ring homomorphism
Q[κc | c ∈ basis of H
>d(B;Qw1)] −→ H∗(MΘ(W,ρW );Q),
as in (3.4) is an isomorphism in cohomological degrees ≤ (g(W,ρW ) − 4)/3. If in
addition Θ is spherical, then the range may be improved to ≤ (g(W,ρW )− 3)/2.
3.4. Estimating genus. To apply Theorem 3.3 we must calculate the invariant
g(W,ρW ), or at least be able to give useful lower bounds for it. This section explains
a general such lower bound, under the assumptions that d = 2n > 4, and that the
homotopy orbit space B = Θ//GLd(R) is simply-connected. We may then choose
an equivariant map Θ→ Z× by which any Θ-structure induces an orientation, and
we shall assume given such a map.
There is an obvious upper bound for g(W,ρW ): it is certainly no larger than the
number of hyperbolic summands in Hn(W ;Z) equipped with its intersection form.
For odd n this is in turn no more than bn/2 and for even n it is no more than
min(b+n , b
−
n ), where we write bn for the middle Betti number of W and in the even
case, bn = b
+
n + b
−
n for its splitting into positive and negative parts. More usefully,
[GRW18, Remark 7.16] gives the following lower bound on genus.
Theorem 3.4. Assume d = 2n > 4, that the homotopy orbit space B = Θ//GLd(R)
is simply-connected, and that ℓW : W → B (or equivalently ρW : Fr(TW )→ Θ) is
n-connected. Write ga(W ) = min(b+n , b
−
n ) for n even and g
a(W ) = bn/2 for n odd.
Then
ga(W )− c ≤ g(W,ρW ) ≤ g
a(W ), (3.6)
with c = 1 + e, where e is the minimal number of generators of the abelian group
Hn(B;Z). If n is even or if n ∈ {3, 7} then one may take c = e.
Remark 3.5. Let us briefly point out that the estimate (3.6) may be expressed using
characteristic numbers. Indeed, writing bi = bi(B) = bi(W ) for i = 1, . . . , n− 1, we
have
ga(W ) = (−1)n
(
χ(W )/2−
n−1∑
i=0
(−1)ibi
)
− |σ(W )|/2, (3.7)
where χ(W ) =
∫
W e(TW ) is the Euler characteristic and σ(W ) =
∫
W L(TW ) is the
signature (where we write σ(W ) = 0 when n is odd).
4. General versions of main results
For some purposes, the rational cohomology statement in Theorem 3.3 suffices,
but there are several homotopy theoretic strengthenings and variations given in
[GRW17], which we now explain.
4.1. Stable homotopy enhancement. To state a more robust version of Theo-
rem 3.3 above, we must first introduce a space Ω∞MTΘ associated to the GLd(R)-
space Θ. The map B = Θ//GLd(R) → BGLd(R) classifies a d-dimensional real
vector bundle over B, and we shall write MTΘ for the Thom spectrum of its vir-
tual inverse and Ω∞MTΘ for the corresponding infinite loop space. The following
result is a restatement of [GRW17, Corollary 1.7].
Theorem 4.1. Let d = 2n > 4, W be a closed simply-connected d-manifold, and
ρW : Fr(W )→ Θ be an n-connected equivariant map. Then there is a map
α :MΘ(W,ρW ) −→ Ω
∞MTΘ, (4.1)
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inducing an isomorphism in integral homology onto the path component that it hits,
in degrees ≤ (g(W,ρW )− 4)/3.
If in addition Θ is spherical, then (4.1) induces an isomorphism in homology in
degrees ≤ (g(W,ρW )− 3)/2.
The statement proved in [GRW17] is in fact stronger: the map α induces an
isomorphism in homology with local coefficients in degrees up to (g(W,ρW )− 4)/3.
We say that the map is acyclic in this range of degrees. (The induced map in π1 is
of course far from an isomorphism.)
Remark 4.2. Let us also briefly recall why Theorem 3.3 is a consequence of Theo-
rem 4.1: under the Thom isomorphism Hk+d(B;Qw1) ∼= Hk(MTΘ;Q) each class
c ∈ Hk+d(B;Qw1) may be represented by a spectrum map MTΘ→ ΣkHQ. If we
choose a rational basis Bk ⊂ Hk+d(B;Qw1) ∼= Hk(MTΘ;Q) and represent each
basis element by a spectrum map MTΘ→ ΣkHQ, we obtain
MTΘ −→
∞∏
k=1
∏
c∈Bk
ΣkHQ
which induces isomorphisms in rational homology and hence in rationalised homo-
topy in positive degrees, at least if each Bk is finite in which case the product in
the codomain may be replaced by the wedge. It follows that the induced map of
infinite loop spaces
Ω∞MTΘ −→
∞∏
k=1
∏
Bk
K(Q, k)
induces an equivalence in rationalised homotopy groups in positive degrees, hence
in rational cohomology when restricted to any path component of its domain.
4.2. MMM-classes in generalised cohomology. There is a preferred map (4.1)
in Theorem 4.1. Following [MT01], in [GRW14, Remark 1.11] we gave an explicit
point-set model. Here we shall explain the map in a conceptual but somewhat
informal way. It is obtained from the following two ingredients.
(i) A smooth d-manifold W and an equivariant map ρW : Fr(TW )→ Θ induces
a continuous map
ℓW = ρW //GLd(R) :W ≃ Fr(TW )//GLd(R) −→ B = Θ//GLd(R)
under which the canonical bundle γ on BGLd(R) = ∗//GLd(R) is pulled back
to TW . By passing to Thom spectra of inverse bundles one gets a map
W−TW −→ B−γ = MTΘ, (4.2)
in the stable homotopy category.
(ii) If W is a closed manifold there is a canonical map
S0 −→W−TW (4.3)
which is Spanier–Whitehead dual to the canonical mapW → {∗} under Atiyah
duality D(W+) ≃ W−TW . The actual map of spectra depends on certain
choices, but in the right setup these choices form a contractible space. (For
example, one may choose an embedding W →֒ R∞ and get the map (4.3) by
the Pontryagin–Thom collapse construction.)
If W is a smooth closed d-manifold and ρW : Fr(TW )→ Θ is an equivariant map,
we may compose (4.3) and (4.2) to get a map of spectra S0 → MTΘ, i.e. a point
in Ω∞MTΘ. We shall write α(W,ρW ) ∈ Ω∞MTΘ for this point, and write
Ω∞[W,ρW ]MTΘ ⊂ Ω
∞MTΘ
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for the path component containing α(W,ρW ). This is the path component that the
map (4.1) lands in.
The map (4.1) is given by a parametrised version of this construction: given a
family (π : E → X, ρ : Fr(TπE)→ Θ) as in Definition 2.1 over some base manifold
X , it associates a continuous map α : X → Ω∞MTΘ. Said differently, it comes
from a composition of spectrum maps, the parametrised analogues of (4.3) and (4.2)
respectively,
Σ∞+X −→ E
−TpiE
E−TpiE −→MTΘ.
(4.4)
In any case, (4.1) is a universal version of this construction.
Remark 4.3. Applying spectrum homology and the Thom isomorphism to the first
map in (4.4), we get precisely the fibre integration homomorphism (3.3), while the
second gives (3.2). This explains the connection to the characteristic classes in §3.1.
Remark 4.4. There is an improvement to Theorem 4.1, in which the domain of (4.1)
is replaced by a disconnected space MΘn containing M
Θ(W,ρW ) as one of its path
components, cf. §4.4 below and [GRW17, Section 8]. In this improved formulation,
the number g(W,ρW ) ∈ N appearing in Theorem 4.1 is replaced by a function
π0(M
Θ
n )
α∗−→ π0(MTΘ)
g¯Θ
−→ Z,
whose value on the path component MΘ(W,ρW ) is the stable genus, defined in
[GRW18, Section 5] and [GRW17, Section 1.3]. It is at least g(W,ρW ).
If we write χ : π0(MTΘ) → Z and σ : π0(MTΘ) → Z be the homomorphisms
arising from the Euler class and (for even n) the Hirzebruch class, then (3.7) defines
a function ga : π0(MTΘ) → N. In terms of this function, the estimate (3.6) also
holds for g¯Θ.
4.3. General tangential structures. The requirement in Theorems 3.3 and 4.1
that ρW : Fr(TW )→ Θ be n-connected appears quite restrictive at first sight. For
example, it usually rules out the interesting special cases Θ = {∗} and Θ = {±1}
from Remark 2.8, so that the cohomology of BDiff(W ) and BDiffor(W ) are not
immediately calculated by Theorem 4.1.
A more generally useful version of Theorem 4.1, which holds without the con-
nectivity assumption, may be deduced by a rather formal homotopy theoretic trick,
based on the observation that the map (4.1) is functorial in the GLd(R)-space Θ.
In particular, any map Θ → Θ induces a self-map of Ω∞MTΘ. The following
result is [GRW17, Corollary 1.9].
Theorem 4.5. For d = 2n > 4 and Λ a GLd(R)-space, let W be a closed simply-
connected smooth d-dimensional manifold, and λW : Fr(TW )→ Λ be an equivariant
map. Choose an equivariant Moore–Postnikov n-stage
λW : Fr(TW )
ρW
−→ Θ
u
−→ Λ, (4.5)
i.e. a factorisation where u is n-co-connected equivariant fibration and ρW is an n-
connected equivariant cofibration, and write hAut(u) for the group-like topological
monoid consisting of equivariant weak equivalences Θ→ Θ over Λ.
This topological monoid acts on Ω∞MTΘ, and there is a continuous map
α :MΛ(W,λM ) −→ (Ω
∞MTΘ)//hAut(u). (4.6)
which, when regarded as a map onto the path component that it hits, induces an
isomorphism in homology with local coefficients in degrees ≤ (g(W,λW ) − 4)/3,
and if Θ is spherical it induces an isomorphism in integral homology in degrees
≤ (g(W,λW )− 3)/2.
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We emphasise that the homotopy orbit space is formed in the category of spaces,
not of infinite loop spaces (there is a comparison map (Ω∞MTΘ)//hAut(u) →
Ω∞((MTΘ)//hAut(u)) but it is not a weak equivalence and we shall not need its
codomain). Equivariant factorisations (4.5) always exist, and are unique up to
contractible choice.
Let us also point out that the group π0(hAut(u)) likely acts non-trivially on
π0(MTΘ). The construction of the map (4.6), outlined in §4.4 below, together
with the orbit-stabiliser theorem, lets us re-write the relevant path component of
the codomain of (4.6) in the following way, which is how the theorem above is
typically used in practice.
Corollary 4.6. Let d, Λ, W , λW , Θ, ρW , and u be as in Theorem 4.5, and write
hAut(u)[W,ρW ] ⊂ hAut(u)
for the submonoid stabilising the element [W,ρW ] ∈ π0(MTΘ) defined in §4.2. The
action of this submonoid on Ω∞MTΘ restricts to an action on the path component
Ω∞[W,ρW ]MTΘ defined in §4.2, and (4.6) factors through a map of path connected
spaces
α :MΛ(W,λW ) −→ (Ω
∞
[W,ρW ]
MTΘ)//(hAut(u)[W,ρW ])
which induces an isomorphism on homology in a range, as in Theorem 4.5. 
Remark 4.7. In both Theorem 4.5 and Corollary 4.6 above, the range is expressed
in terms of g(W,λW ) but as explained in [GRW17, Lemma 9.4] this is equal to
g(W,ρW ) when λW is factored equivariantly as an n-connected map ρW : Fr(TW )→
Θ followed by an n-co-connected map u : Θ→ Λ. Hence the estimates in §3.4 apply,
when e is the minimal number of generators for the abelian group Hn(Θ//GL2n(R)).
The value of e likely depends on the map λW : Fr(TW )→ Λ, even if W and Λ are
fixed.
Remark 4.8. The fact that u is n-co-connected implies that hAut(u) is an (n− 1)-
type. Hence it is in some sense a finite problem to determine and describe hAut(u):
finitely many homotopy groups π0, . . . , πn−1 and finitely many k-invariants.
This finiteness is one of the conceptual advantages of our approach to M(W ) ≃
BDiff(W ), over the more classical method which at first gives a formula for the
structure space S(W ) ≃ G(W )/D˜iff(W ), where G(W ) is the monoid of homotopy
equivalences from W to itself and D˜iff(W ) is the block diffeomorphism group. In
that method, one subsequently has to study the difference between Diff(W ) and
D˜iff(W ), but also has to take homotopy orbits by the monoid G(W ) of homotopy
automorphisms of W . While this last step is in some sense “purely homotopy
theory”, it is in practice very difficult to get a good handle on G(W ), even when W
is relatively simple and even when one is working up to rational equivalence. See
the work of Berglund and Madsen [BM13, BM14] for a recent example.
4.4. Two fibre sequences. In [GRW17, Section 9], Theorem 4.5 is deduced from
the special case given in Theorem 4.1 by a rather formal argument: the homology
equivalence in Theorem 4.1 is natural in the GL2n(R)-space Θ, and hence induces
a homology equivalence by taking homotopy colimit over any diagram in GL2n(R)-
spaces; in particular one may form homotopy orbits by hAut(u : Θ → Λ), and
Theorem 4.5 is deduced by identifying the resulting map of homotopy orbit spaces
with (4.6). The two fibre sequences arising from these homotopy orbit constructions,
see diagram (4.8) below, are important for carrying out calculations in concrete
examples, and hence we recall this story in slightly more detail.
Definition 4.9. Let u : Θ→ Λ be an equivariant n-co-connected fibration.
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(i) LetMΘn ⊂M
Θ be the union of those path componentsMΘ(W,ρW ) for which
ρW : Fr(TW )→ Θ is n-connected.
(ii) Let MΛu ⊂ M
Λ be the union of those path components MΛ(W,λW ) for
which λW admits a factorisation through an n-connected equivariant map
ρW : Fr(TW )→ Θ.
There is an obvious forgetful mapMΘn →M
Λ
u given by composing ρW : Fr(TW )→
Θ with u. The monoid hAut(u) has the correct homotopy type when Θ is equiv-
ariantly cofibrant, which we shall assume. It acts on MΘn by postcomposing
ρW : Fr(TW ) → Θ with self-maps of Θ. This action commutes with the forgetful
map, and induces a map
(MΘn )//hAut(u) −→M
Λ
u . (4.7)
The following lemma is proved by elementary homotopy theoretic methods, cf.
[GRW17, Section 9].
Lemma 4.10. The map (4.7) is a weak equivalence. Hence there is an induced
fibre sequence of the form
MΘn −→M
Λ
u −→ B(hAut(u)).
The map MΘn → Ω
∞MTΘ explained in §4.2 commutes with the actions of
hAut(u) and induces a map of fibre sequences
MΘn M
Λ
u B(hAut(u))
Ω∞MTΘ (Ω∞MTΘ)//hAut(u) B(hAut(u)).
(4.8)
In the setup of Theorem 4.5, MΘ(W,ρW ) is one path component of MΘn , and
similarly MΛ(W,λW ) is one path component of M
Λ
u . A slightly stronger version
of Theorem 4.1, which is the statement actually proved in [GRW17, Section 8],
shows that the left-most vertical map is acyclic in the range of degrees indicated
in Remark 4.4. Theorem 4.5 is then deduced by a spectral sequence comparison
argument.
Remark 4.11. This formulation has content even at the level of path components.
Suppose that W is a simply-connected 2n-manifold for 2n ≥ 6, ρW : Fr(TW )→ Θ
is n-connected, and g(W,ρW ) ≥ 3. If (W ′, ρW ′) is another such Θ-manifold and
α(W,ρW ) = α(W
′, ρW ′) ∈ π0(Ω
∞MTΘ) = π0(MTΘ)
then it follows that (W,ρW ) and (W
′, ρW ′) lie in the same path-component ofMΘn ,
i.e. there is a diffeomorphism from W to W ′ which pulls back ρW ′ to ρW up to
homotopy. This recovers a theorem of Kreck [Kre99, Theorem D], though our
requirement on genus is slightly stronger than Kreck’s.
In practice, one usually calculates the cohomology of Ω∞[W,ρW ]MTΘ first, and
then uses a spectral sequence to calculate the homology or cohomology of the Borel
construction in Corollary 4.6, or equivalently (for g(W,λW ) ≥ 3) one calculates
the cohomology of MΘ(W,ρW ) and then uses the spectral sequence for the fibre
sequence
MΘ(W,ρW ) −→M
Λ(W,λW ) −→ B(hAut(u)[W,ρW ]). (4.9)
We shall see examples of such calculations in §5.2, §5.3, and §5.4.
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4.5. GLd(R)-spaces versus spaces over BO(d). It is well known that the homo-
topy theory of spaces with action of GLd(R) is equivalent to the homotopy theory
of spaces over BGLd(R) ≃ BO(d), where the weak equivalences are the equivari-
ant maps that are weak equivalences of underlying spaces, respectively fibrewise
maps that are weak equivalences of underlying spaces. The translation goes via
the space EGLd(R) which simultaneously comes with an action of GLd(R) and
a map to BGLd(R). Explicitly, given a GLd(R)-space Θ, the Borel construction
B = Θ//GLd(R) comes with a map B → BGLd(R); conversely, given a space B and
a map θ : B → BGLd(R) the fibre product Θ = EGLd(R)×BGLd(R)B comes with an
action; these processes are inverse up to (equivariant/fibrewise) weak equivalence,
as EGLd(R) is contractible.
Therefore all of the theorems above that depend on a GLd(R)-space Θ may be
stated in equivalent ways taking as input a space B and a map θ : B → BO(d).
In the papers [GRW14, GRW18, GRW17] we have taken the latter point of view.
In this picture, a θ-structure on a manifold W is a (fibrewise linear) vector bundle
map ℓˆW : TW → θ
∗γ, where γ denotes the universal vector bundle on BGLd(R).
As in those papers, we shall use the notation
MTθ =MTΘ,
when θ : B → BO(d) is the map corresponding to the GLd(R)-space Θ; i.e.,MTθ =
B−θ is the Thom spectrum of the virtual inverse of the vector bundle classified by
θ : B → BO(d).
We have already seen definitions which may be stated more directly in terms
of (B, θ) than of (Θ, action), e.g. the characteristic classes κc from §3.1. The con-
structions in Theorem 4.5 form another such example, which we shall now explain.
Given Λ and λW as in the theorem, set B
′ = Λ//GLd(R). Up to contractible choice,
λW induces a map W → B′, which one then Moore–Postnikov factors as
W −→ B −→ B′,
into an n-connected cofibration followed by an n-co-connected fibration. In this
picture, hAut(u) is simply the group-like monoid of those self-maps of B over B′
that are weak equivalences. For this to have to the correct homotopy type B should
be fibrant and cofibrant in the category of spaces over B′.
In §5 and §6 we will exclusively adopt this point of view.
4.6. Boundary. A further generalisation, also proved in [GRW17, Section 9], al-
lows the compact manifoldsW to have non-empty boundary. The boundary should
then be a closed (2n−1)-manifold P , which should be equipped with an equivariant
map ρP : Fr(ε
1⊕TP )→ Θ. The pair (P, ρP ) should be fixed and every compact 2n-
manifold in sight should come with a specified diffeomorphism ∂W ∼= P compatible
with a structure ρW : Fr(TW )→ Θ.
In terms of classified bundles as in §2.1 and §2.2, FΘ• should be replaced with the
functor FΘ,P,ρP• whose value on a smooth manifold X (without boundary, possibly
non-compact) has 0-simplices the smooth proper maps π : E → X equipped with
equivariant maps ρ : Fr(TπE) → Θ and a diffeomorphism ∂E = X × P such that
the restriction of ρ to Fr(TπE|∂E) = X × Fr(TP ) is equal to the map arising from
ρP .
This kind of bundle also admits a classifying space, denoted NΘ(P, ρP ) and
called the moduli space of null bordisms of (P, ρP ). The subspace defined by the
condition that ρW : Fr(TW )→ Θ be n-connected is denoted NΘn (P, ρP ) and is the
moduli space of highly connected null bordisms. The path component of NΘ(P, ρP )
containing (W,ρW ) shall be denotedMΘ(W,ρW ), as before. Notice that (P, ρP ) is
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determined by P = ∂W and ρW by restricting ρW to TW |P ∼= ε1⊕TP . These clas-
sifying spaces are introduced in [GRW17, Definition 1.1] using a similar notation.
Theorem 4.1 then has the following direct generalisation, also stated as [GRW17,
Corollary 1.8 and Section 8.4].
Theorem 4.12. Let d = 2n > 4, let Θ be a GLd(R)-space, let P be a closed smooth
(d − 1)-manifold and ρP : Fr(ε
1 ⊕ TP ) → Θ be a GLd(R)-equivariant map. Then
there is a map (canonical up to homotopy, see below)
α : NΘn (P, ρP ) −→ Ωα(P,ρP ),0(Ω
∞−1MTΘ), (4.10)
where Ωα(P,ρP ),0 denotes the space of paths starting at a certain point α(P, ρP ) ∈
Ω∞−1MTΘ and ending at the basepoint, with the following property.
When restricted to the path component containing a particular (W,ρW ), it is a
homology equivalence onto the path component it hits, in degrees up to (g(W,ρW )−
4)/3 and possibly with twisted coefficients. If in addition Θ is spherical, then (4.10)
induces an isomorphism in homology with constant coefficients in degrees up to
(g(W,ρW )− 3)/2.
Both the point α(P, ρP ) and the map (4.10) are constructed by the procedure
in §4.2. If the codomain of (4.10) is non-empty, it is of course non-canonically
homotopy equivalent to Ω∞MTΘ, but the map most naturally takes values in the
path space. In the special case P = ∅ we have NΘn (∅) = M
Θ
n , and the map (4.10)
is the same as the map appearing in (4.8).
As in §4.4, a version for a general tangential structure Λ may be deduced by
taking homotopy orbits with respect to the monoid
hAut(u rel P ) = {φ ∈ hAut(u) | φ ◦ ρP = ρP }, (4.11)
provided ρP : Fr(ε
1 ⊕ TP )→ Θ is an equivariant cofibration and u : Θ → Λ is an
equivariant n-co-connected fibration, as can be arranged. Homotopy equivalently,
factor the induced map W → B′ = Λ//GLd(R) as an n-connected cofibration W →
B followed by an n-co-connected fibration B → B′, and define hAut(u rel P ) as the
homotopy equivalences of B over B′ and under P . We formulate the conclusion.
Theorem 4.13. Let n, d, Λ and λW : Fr(TW ) → Λ be as in Theorem 4.5, but
allow W to be a compact manifold with boundary P = ∂W . Let Θ, ρW , and u be
as in Theorem 4.5, and ρP denote the restriction of ρW to P . Then there is a map
α :MΛ(W,λW ) −→
(
Ωα(P,ρP ),0Ω
∞−1MTΘ
)
//hAut(u rel P ) (4.12)
which, when regarded as a map onto the path component that it hits, induces an
isomorphism in homology in a range of degrees, exactly as in Theorem 4.5.
This is [GRW17, Theorem 9.5], and the three lines following its proof. The
relevant path component may again be re-written using the orbit-stabiliser theorem,
as in Corollary 4.6.
Remark 4.14. As in Remark 2.8, in the special case Θ = {∗} a Θ-structure contains
no information and we can simply writeM(W ) forMΘ(W,ρW ). This space classi-
fies smooth fibre bundles with fibres diffeomorphic to W and trivialised boundary,
and we have a weak equivalence
M(W ) ≃ BDiff∂(W )
where Diff∂(W ) denotes the group of diffeomorphisms of W which fix an open
neighbourhood of the boundary, with the C∞ topology.
There are no connectivity assumptions imposed on ρP : Fr(ε
1⊕TP )→ Θ, but if
it happens to be (n− 1)-connected then the monoid hAut(u rel P ) is contractible.
More generally we have the following.
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Lemma 4.15. If the pair (W,P ) is c-connected for some c ≤ n−1, then the monoid
hAut(u rel P ) is a (non-empty) (n− c− 2)-type. In particular, it is contractible if
(W,P ) is (n− 1)-connected.
A familiar special case of this observation is the fact that if a diffeomorphism of
an oriented surface with non-empty boundary is the identity on the boundary, then
the diffeomorphism is automatically orientation preserving.
Proof. As before, let us write B = Θ//GLd(R) and B′ = Λ//GLd(R). We are then
asking for homotopy automorphisms of B over u : B → B′ and under ℓP : P →֒ B.
By adjunction, to give a nullhomotopy of a map f : Sk → hAut(u rel P ) is to solve
the relative lifting problem
(Sk ×B) ∪Sk×P (D
k+1 × P ) B
Dk+1 ×B B B′.
f˜∪(ℓP ◦proj)
u
proj u
The map ℓP : P → B is c-connected because both P ⊂ W and ℓW : W → B are
(the latter is even n-connected). Thus the pair
(Dk+1 ×B, (Sk ×B) ∪Sk×P (D
k+1 × P ))
is (c + k + 1)-connected. But the map u : B → B′ is n-co-connected, so there are
no obstructions to solving this lifting problem if c + k + 1 ≥ n, i.e. k ≥ n − c − 1.
This proves that hAut(u rel P ) is an (n− c− 2)-type, and it is non-empty because
it contains the identity map. 
Remark 4.16. Formulating a statement which is valid for manifolds with non-empty
boundary is not purely for the purpose of added generality: it is essential for the
strategy of proof in all three papers [GRW14], [GRW18], [GRW17]. For example,
the homological stability results in [GRW18] are proved by a long handle induction
argument, in which a compact manifold is decomposed into finitely many handle
attachments ; even if one is mainly interested in closed manifolds, this process will
create boundary. Similarly, an important role in both [GRW14] and [GRW17] is
played by cobordism categories as studied in [GMTW09], whose morphisms are
manifolds with boundary and composition is gluing along common boundary com-
ponents. For example, given a Θ-cobordism (K, ρK) : (P, ρP ) (Q, ρQ) there is a
continuous map
(K, ρK) ∪− : N
Θ(P, ρP ) −→ N
Θ(Q, ρQ)
given by gluing on (K, ρK).
4.7. Fundamental group. The main theorem in either of the three forms given
above (Theorems 3.3, 4.1, and 4.5) assumed the manifoldsW were simply-connected,
but in fact it suffices that the fundamental groups π = π1(W,w) be virtually poly-
cyclic, i.e. has a subnormal series with finite or cyclic quotients. In this case the
Hirsch length h(π) is the number of infinite cyclic quotients in such a series. The
only price to pay is that the ranges of homology equivalence become offset by a con-
stant depending on h(π): the homology isomorphisms Theorems 4.1 and 4.5 hold in
degrees ≤ (g(W,ρW )− (h(π)+ 5))/2 with integral coefficients if Θ is spherical, and
in degrees ≤ (g(W,ρW )− (h(π) + 6))/3 with local coefficients. This generalisation
was established by Friedrich [Fri17].
For arbitrary π there is a sense in which the theorems hold in “infinite genus”:
certain maps become acyclic after taking a colimit over forming connected sum
with Sn × Sn infinitely many times. In this form the assumption 2n > 4 is also
unnecessary. See [GRW17, Sections 1.2 and 7] for the statement and proof.
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4.8. Outlook. We have attempted to give an overview of the methods developed
in [GRW14], [GRW18], [GRW17], with an emphasis on the main results from there
as they may be applied in calculations in practice. This is by no means a survey of
everything known, let us briefly mention some recent developments and applications
that we have not covered:
(i) These results—in the form of the calculation described in Theorem 5.1 below—
have been used by Weiss [Wei15] to prove that pn 6= e2 ∈ H4n(BSTop(2n);Q)
for large enough n. These methods were later used by Kupers [Kup16] to
establish the finite generation of homotopy groups of Diff∂(D
d) for d 6= 4, 5, 7.
(ii) These results have been used by Botvinnik, Ebert, and Randal-Williams
[BERW17], Ebert and Randal-Williams [ERW17], and Botvinnik, Ebert, and
Wraith [BEW18] to study the topology of spaces of Riemannian metrics of
positive scalar, or Ricci, curvature.
(iii) These results have been used by Krannich [Kra18] to show that if Σ is a homo-
topy 2n-sphere then BDiff(M) and BDiff(M#Σ) have the same homology in
the stable range with Z[ 1k ]-coefficients, where k is the order of Σ is the group
of homotopy spheres.
(iv) Progress towards a similar understanding for manifolds of odd dimension has
been made by Perlmutter [Per16a, Per16b, Per18], Botvinnik and Perlmutter
[BP17] and Hebestreit and Perlmutter [HP16].
(v) Progress towards versions for topological and piecewise linear manifolds has
been made by Gomez-Lopez [GL16], Kupers [Kup15], and Gomez-Lopez and
Kupers [GLK18].
(vi) Progress towards versions for equivariant smooth manifolds has been made by
Galatius and Szu˝cs [GS18].
(vii) There are analogues of many of the theorems above, when the topological
group Diff(W ) is replaced by its underlying discrete group, by Nariman [Nar17a,
Nar17b, Nar16].
(viii) Progress towards understanding the homotopy equivalences of high genus man-
ifolds have been obtained by Berglund and Madsen [BM14]. At present their
results seem to be qualitatively quite different from the results described here.
5. Rational cohomology calculations
We have already advertised the feature that the general theory surveyed in §3
and §4 above is amenable to explicit calculations. In this section and the next, we
back up this claim with some examples, while simultaneously illustrating how the
abstract homotopy theory in §4 plays out in concrete examples.
In practice, given a manifold W and a structure λW : Fr(W )→ Λ, one typically
first estimates the genus of (W,λW ). This step is trivial for the manifolds considered
in §5.1 and §5.2 below, which are defined to have high genus, but is quite interesting
for the complete intersections considered in §5.3. The next step would typically
be to determine the associated highly-connected structure ρW : Fr(W ) → Θ and
the space BhAut(u rel P ). This step is mostly resolved by Lemma 4.15 for the
example given in §5.1, but is again interesting for the examples in §5.2 and especially
§5.3. For calculations in rational cohomology, the last step would then typically
be to understand the Serre spectral sequence associated to (4.9). The complete
intersections in §5.3 again provide an interesting and very non-trivial illustration.
5.1. The manifolds Wg,1. Recall that we write Wg = g(S
n × Sn) for the g-fold
connected sum, and Wg,1 = D
2n#Wg ∼= Wg \ int(D2n). These manifolds play
a distinguished role in the theory described above, as they are used to measure
the genus of arbitrary 2n-manifolds: in this sense Wg,1 is the simplest manifold
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of genus g. In the case 2n = 2 the solution by Madsen and Weiss [MW07] of the
Mumford Conjecture gave a description of H∗(Mor(Wg,1);Q) in terms of Miller–
Morita–Mumford classes in a stable range of degrees. In this section we wish to
explain how the analogue of Madsen and Weiss’ result in dimensions 2n ≥ 6 follows
from the theory described above.
The Moore–Postnikov n-stage
τWg,1 : Wg,1
ℓWg,1
−→ B
θ
−→ BO(2n)
of a map classifying the tangent bundle ofWg,1 has the cofibration ℓWg,1 n-connected
and the fibration θ n-co-connected. AsWg,1 is (n−1)-connected and the map τWg,1
is nullhomotopic—because Wg,1 admits a framing—we may identify θ with the
n-connected cover of BO(2n), which we write as
θn : BO(2n)〈n〉
θorn−→ BSO(2n)
or
−→ BO(2n).
As the pair (Wg,1, ∂Wg,1) is (n − 1)-connected, by Lemma 4.15 we find that
hAut(θorn , ℓ∂Wg,1 ) is contractible. Thus by Theorem 4.13 there is a map
α :Mor(Wg,1) ≃M
θn(Wg,1, ℓWg,1) −→ Ω
∞MTθn
which is a homology equivalence onto the path component that it hits, in degrees
∗ ≤ g−32 , as long as 2n ≥ 6. The rational cohomology of a path component of
Ω∞MTθn is calculated as described in Remark 4.2, in terms of H
∗(BO(2n)〈n〉;Q).
To work this out we identify BO(2n)〈n〉 = BSO(2n)〈n〉. As
H∗(BSO(2n);Q) = Q[e, p1, p2, . . . , pn−1]
is a free graded-commutative algebra the effect of taking the n-connected cover on
cohomology groups is a simple as possible: it simply eliminates all free generators
of degree ≤ n. Thus
H∗(BSO(2n)〈n〉;Q) = Q[e, p⌈n+1
4
⌉, . . . , pn−1].
Combining all the above, we obtain the following.
Theorem 5.1. For 2n ≥ 6, let B denote the set of monomials in the classes e,
pn−1, pn−2, . . . , p⌈n+1
4
⌉. Then the map
Q[κc | c ∈ B, |c| > 2n] −→ H
∗(Mor(Wg,1);Q)
is an isomorphism in degrees ∗ ≤ g−32 .
This is [GRW18, Corollary 1.8]. As we mentioned above, for 2n = 2 the same
statement (with a slightly different range) was earlier proved by Madsen and Weiss.
5.2. The manifolds Wg. For 2n = 2 it is a theorem of Harer [Har85] that the
map
Mor(Wg,1) −→M
or(Wg) (5.1)
given by attaching a disk induces an isomorphism on homology in a stable range
of degrees. On the other hand Mor(Wg) is the homotopy type of the stack Mg of
genus g Riemann surfaces, and it is in this way that Madsen and Weiss’ topological
result determines H∗(Mg;Q) in a stable range.
In dimensions 2n ≥ 6 it is no longer true that the map (5.1) induces an isomor-
phism on homology in a stable range of degrees. In this section we shall explain
why, by using the theory described above to calculate H∗(Mor(Wg);Q) in a stable
range.
Continuing to write
θn : BO(2n)〈n〉
θorn−→ BSO(2n)
or
−→ BO(2n)
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as in the previous section, this tangential structure is also the Moore–Postnikov
n-stage of the map classifying the tangent bundle of Wg. By Theorem 4.5 there is
a map
α :Mor(Wg) −→ (Ω
∞MTθn)//hAut(θ
or
n )
that induces an isomorphism on homology, onto the path component that it hits,
in degrees ∗ ≤ g−32 as long as 2n ≥ 6.
In order to calculate the rational cohomology of Mor(Wg) in a range of degrees
we could try to calculate the rational cohomology of the relevant path component of
(Ω∞MTθn)//hAut(θ
or
n ), but instead we shall use the fibre sequence (4.9). Choosing
a θn-structure ℓWg on Wg, this is a fibre sequence
Mθn(Wg, ℓWg ) −→M
or(Wg)
ξ
−→ B(hAut(θorn )[Wg ,ℓWg ]). (5.2)
As ℓWg :Wg → BO(2n)〈n〉 is n-connected, we may apply Theorem 3.3, giving that
Q[κc | c ∈ B, |c| > 2n] −→ H
∗(Mθn(Wg , ℓWg );Q)
is an isomorphism in degrees ∗ ≤ g−32 . All the classes κc are defined on the total
spaceMor(Wg) of the fibration (5.2), which implies that this fibration satisfies the
Leray–Hirsch property in the stable range. Thus the Leray–Hirsch map
Q[κc | c ∈ B, |c| > 2n]⊗H
∗(B(hAut(θorn )[Wg ,ℓWg ]);Q) −→ H
∗(Mor(Wg);Q) (5.3)
is an isomorphism in degrees ∗ ≤ g−32 .
To complete this calculation we must calculate the rational cohomology of the
space B(hAut(θorn )[Wg ,ℓWg ], and describe the map
ξ∗ : H∗(B(hAut(θorn )[Wg ,ℓWg ]);Q) −→ H
∗(Mor(Wg);Q)
in terms that we understand.
5.2.1. Identifying hAut(θorn ). The map θ
or
n : BO(2n)〈n〉 → BSO(2n) is a principal
fibration for the group-like topological monoid SO[0, n − 1], the truncation of SO,
so is classified by the map BSO(2n)→ BSO→ B(SO[0, n− 1]), and hence there is
a homomorphism
ι : SO[0, n− 1] −→ hAut(θorn )
given by the principal group action.
Lemma 5.2. The map ι is a weak homotopy equivalence.
Proof. If we fix a basepoint ∗ ∈ BO(2n)〈n〉, which identifies the fibre through ∗
with SO[0, n− 1], then there is a map
ev : hAut(θorn ) −→ SO[0, n− 1]
ϕ 7−→ ϕ(∗),
and it is clear that ev ◦ ι is the identity. Thus it is enough to show that ev is a
weak homotopy equivalence. Suppose we are given a map (f, g) : (Dk+1, Sk) →
(SO[0, n− 1], hAut(θorn )). This determines a relative lifting problem
(Sk ×BO(2n)〈n〉) ∪Sk×{∗} (D
k+1 × {∗}) BO(2n)〈n〉
Dk+1 ×BO(2n)〈n〉 BSO(2n)
g∪f
θorn
θorn ◦π2
and finding a nullhomotopy of (f, g) is the same as solving this relative lifting
problem. The obstructions for doing so lie in the groups
H˜i−k(BO(2n)〈n〉;πi+1(BSO(2n), BO(2n)〈n〉)),
but these groups are zero if i− k ≤ n or if i ≥ n, so always vanish. 
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In particular, the submonoid hAut(θorn )[Wg ,ℓWg ] ≤ hAut(θ
or
n ) is in fact the whole
of hAut(θorn ), so we may identify the cohomology of its classifying space with
H∗(BhAut(θorn );Q) = H
∗(BSO[0, n];Q) = Q[p1, p2, . . . , p⌊n
4
⌋]. (5.4)
5.2.2. Miller–Morita–Mumford class interpretation. Combining (5.3) and (5.4) gives
a formula for H∗(Mor(Wg);Q) in a range of degrees. In fact the classes obtained
by pulling back p1, p2, . . . , p⌊n
4
⌋ along the map
ξ :Mor(Wg) −→ BhAut(θ
or
n )
may be re-interpreted as Miller–Morita–Mumford classes. We shall use the following
lemma to explain this.
Lemma 5.3. Let πor : Eor(Wg) → Mor(Wg) denote the the path component of
the fibration (2.4) modelling the universal oriented Wg-bundle, and τ : Eor(Wg) →
BSO(2n) denote the map classifying the vertical tangent bundle. Then the square
Eor(Wg) BSO(2n)
Mor(Wg) BSO[0, n] BSO(2n)[0, n]
τ
πor
ξ ≃
(5.5)
commutes up to homotopy.
Proof. Let πθn : Eθn(Wg, ℓWg )→M
θn(Wg, ℓWg ) denote the path component of the
fibration modelling the universal Wg-bundle with θn-structure, which as in (2.4)
comes with maps
τ : Eθn(Wg, ℓWg )
ℓ
−→ BO(2n)〈n〉
θorn−→ BSO(2n)
whose composition classifies the (oriented) vertical tangent bundle. This gives a
commutative square
Eθn(Wg, ℓWg ) BO(2n)〈n〉
Mθn(Wg, ℓWg ) ∗
πθn
ℓ
of hAut(θorn )-spaces and hAut(θ
or
n )-equivariant maps. Taking homotopy orbits, and
replacing the spaces at each corner with homotopy equivalent models, we obtain
the homotopy commutative square
Eor(Wg) BSO(2n)
Mor(Wg) BSO[0, n].
πor
τ
ξ
Here the right-hand map is the truncation BSO(2n) → BSO(2n)[0, n] followed by
the identification BSO(2n)[0, n]
∼
→ BSO[0, n], as required. 
Now we may calculate as follows: by this lemma we have
(πor)∗ξ∗(pi) = τ
∗(pi),
and so by the projection formula (and commutativity of the cup product)
κepi =
∫
πor
τ∗(e · pi) =
(∫
πor
τ∗e
)
· ξ∗(pi) = χ(Wg) · ξ
∗(pi)
and hence, for χ(Wg) = 2 + (−1)n2g 6= 0, we have ξ∗(pi) =
1
χ(Wg)
κepi .
Combined with the previous discussion, we obtain the following.
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Theorem 5.4. For 2n ≥ 6, let B denote the set of monomials in the classes e,
pn−1, pn−2, . . . , p⌈n+1
4
⌉, and C denote the set of the remaining Pontryagin classes
p1, p2, . . . , p⌊n
4
⌋. Then the map
Q[κc | c ∈ (B ⊔ e · C), |c| > 2n] −→ H
∗(Mor(Wg);Q)
is an isomorphism in degrees ∗ ≤ (g − 3)/2.
For 2n = 2 the same statement (with a slightly different range) holds by the
theorem of Madsen and Weiss, and in this case the set C is empty and the result is
the same as that of Theorem 5.1. For 2n ≥ 6 we have hAut(θorn ) ≃ SO[0, n− 1] 6≃ ∗
and so it follows from the discussion in this section that the map (5.1) is not an
isomorphism on integral cohomology in any range of degrees (though for 2n = 6
it is still an isomorphism on rational cohomology in a stable range, as SO[0, 2] ≃
K(Z/2, 1) is rationally acyclic; in Theorem 5.4 this corresponds to the fact that C
is empty in this case).
Remark 5.5. In the statement of Theorem 5.4 we do not assert that κc = 0 for mono-
mials c 6∈ B ⊔ e · C. Indeed a further consequence of the homotopy commutativity of
(5.5) is the following description of κc for a general monomial c = e
i · pj11 · · · p
jn−1
n−1
in terms of the generators of Theorem 5.4:
κc =
(
κe·p1
χ(Wg)
)j1
·
(
κe·p2
χ(Wg)
)j2
· · ·
(
κe·pk
χ(Wg)
)jk
· κ(
ei·p
kk+1
k+1
···p
jn−1
n−1
),
where we write k = ⌊n4 ⌋. This follows immediately from the observation that
pi(Tπ) = π
∗ξ∗(pi) = π
∗(
κe·pi
χ(Wg)
) for i ≤ k.
5.3. Hypersurfaces in CP4. If V ⊂ CPr+1 is a smooth hypersurface, determined
by a homogeneous complex polynomial of degree d, then it is an observation of
Thom that its diffeomorphism type depends only on the degree d, and not on the
particular polynomial: we call the resulting 2r-manifold Vd. As we shall explain
in §5.3.2, these interesting manifolds tend to have large genus. More generally,
for smooth complete intersections of such hypersurfaces the diffeomorphism type
depends only on the degrees, and much is understood about the classification up to
diffeomorphism of such manifolds in terms of these degrees, by Libgober and Wood
[LW82], Kreck [Kre99], and others.
We shall explain how the theory described above applies in the non-trivial ex-
ample of a hypersurface Vd ⊂ CP4 of degree d, and determine a formula for the
rational cohomology of Mor(Vd) in a range of degrees. Let us start with outlining
the steps again, and state the conclusions in this example.
(i) Determine the genus of Vd: it turns out to be
1
2 (d
4 − 5d3 + 10d2 − 10d+ 4).
(ii) Determine the Moore–Postnikov 3-stage Vd
ℓVd−−→ Bd
θd−→ BSO(6) of a map
classifying the oriented tangent bundle of Vd.
(iii) Calculate the ring H∗(Mθd(Vd, ℓVd);Q) in the stable range. It turns out to
be the Q-algebra
A = Q[κtnc | c ∈ B, n ≥ 0, |c|+ 2n > 6], (5.6)
where B is the set of monomials in classes p1, p2, and e of degree |p1| = 4,
|p2| = 8, and |e| = 6, and t is a class of degree 2.
(iv) Use the spectral sequence arising from Corollary 4.6 to determine the coho-
mology of Mor(Vd) from that of Mθd(Vd, ℓVd) in a stable range. The result is
a short exact sequence
0 −→ H∗(Mor(Vd);Q) −→ A
d3−→ A −→ 0, (5.7)
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where d3 : A→ A is the unique derivation satisfying d3(κtnc) = nκtn−1c. (The
result is a scalar when |tn−1c| = 6; this scalar is a characteristic number of Vd
and therefore the derivation d3 depends on the degree d.)
5.3.1. Algebraic topology of Vd. By the Lefschetz hyperplane theorem the inclusion
i : Vd → CP4 is 3-connected. This first implies that Vd is simply-connected. Writing
H∗(CP4;Z) = Z[x]/(x5) for x = c1(O(1)) and t = i∗(x), we have
H0(Vd;Z) = Z H
1(Vd;Z) = 0 H
2(Vd;Z) = Z{t}
and hence by Poincare´ duality we have
H4(Vd;Z) = Z{s} H
5(Vd;Z) = 0 H
6(Vd;Z) = Z{u}
where 〈[Vd], u〉 = 1 and s · t = u. We also have 〈i∗[Vd], x3〉 = d, obtained by
intersecting Vd with a generic CP1 ⊂ CP4, giving t3 = d ·u and hence t2 = d · s. By
definition, Vd is the zero locus of a transverse section of O(d)→ CP4, so its normal
bundle in CP4 is i∗(O(d)) and hence as complex vector bundles we have
TVd ⊕ i
∗(O(d)) ⊕ C = i∗(TCP4)⊕ C = i∗(O(1))⊕5
so taking total Chern classes yields c(TVd) = i
∗
(
(1+x)5
(1+dx)
)
. We can therefore extract
c3(TVd) =
((
5
3
)
−
(
5
2
)
d+
(
5
1
)
d2 − d3
)
t3
and so compute the Euler characteristic of Vd as 〈[Vd], c3(TVd)〉 to be
χ(Vd) = d · (10− 10d+ 5d
2 − d3).
We therefore find that H3(Vd;Z) is free of rank 4−χ(Vd) = d4−5d3+10d2−10d+4,
which finishes our calculation of the cohomology of Vd.
For later use we record two further characteristic classes of Vd, namely
w2(TVd) = (5− d)t mod 2
p1(TVd) = (5− d
2)t2,
obtained from the identities w2 ≡ c1 mod 2 and p1 = c21−2c2 among characteristic
classes of complex vector bundles.
5.3.2. Genus of Vd. The genus of Vd may be estimated from below by the methods
of §3.4, but in this case it turns out that an exact formula is possible. It is a
theorem of Wall [Wal66] that any simply-connected smooth 6-manifold W has a
decomposition W ∼= M#g(S3 × S3) with H3(M ;Z) = 0, and so the genus of such
a W is given by half its third Betti number. Thus we have
g(Vd) =
1
2
(d4 − 5d3 + 10d2 − 10d+ 4).
Similar formulae are known for higher dimensional smooth complex complete inter-
section varieties, see e.g. [Woo75, Mor75, Bro79].
Remark 5.6. More generally, if L is an ample line bundle over a smooth projective
complex manifoldM of complex dimension n+1 then for all d≫ 0 we may consider
the smooth manifolds Ud arising as the zeroes of generic holomorphic sections of
L⊗d. Writing x := c1(L), as L is ample we have N :=
∫
M
xn+1 6= 0. Writing
i : Ud →֒M for the inclusion, and using that i∗[Ud] is Poincare´ dual to e(L⊗d) = dx,
it follows that
∫
Ud
i∗(x)n = d ·N 6= 0. The analogue of the calculation above gives
that c(TUd) = i
∗( c(TM)(1+dx)) and hence we have χ(Ud) = (−1)
ndn+1N +O(dn) and so
bn = d
n+1N +O(dn). If n is odd then by the discussion in §3.4 we have
g(Ud) =
1
2
dn+1N +O(dn).
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If n is even, then the analogous calculation with the total Hirzebruch L-class gives
that L(TUd) = i∗(
L(TM)
dx/ tanh(dx)) so σ(Ud) =
2n+2(2n+2−1)Bn+2
(n+2)! d
n+1N +O(dn), where
Bi denote the Bernoulli numbers. Hence, by the discussion in §3.4, we have
g(Ud) =
1
2
(
1−
2n+2(2n+2 − 1)|Bn+2|
(n+ 2)!
)
dn+1N +O(dn).
The term 2
n+2(2n+2−1)|Bn+2|
(n+2)! does not matter much for large n: the fact that the
Taylor series for tanh(z) has convergence radius π/2 implies that that term is asymp-
totically smaller than (2/π)n+ε as n → ∞, for any ε > 0; in particular it quickly
becomes much smaller than 1. In the relevant cases n ≥ 4 it is at most 2/15.
5.3.3. Moore–Postnikov 3-stage of Vd. Let us write
τ : Vd
ℓVd−→ Bd
θd−→ BSO(6)
for the Moore–Postnikov 3-stage of a map τ classifying the oriented tangent bundle
of Vd, so ℓVd is 3-connected and θd is 3-co-connected. From this we easily calculate
the homotopy groups of Bd, as
0 = π1(Vd)
∼
−→π1(Bd)
Z = π2(Vd)
∼
−→π2(Bd)
π3(Bd)
∼
−→ π3(BSO(6)) = 0
πi(Bd)
∼
−→ πi(BSO(6)) for all i ≥ 4.
To understand the map θd on homotopy groups, it remains to understand the
composition
τ∗ : Z = π2(Vd)
∼
−→ π2(Bd) −→ π2(BSO(6)) = Z/2. (5.8)
The latter group is detected by the Stiefel–Whitney class w2, so this map is non-
zero if and only if the class w2(TVd) ∈ H2(Vd;Z/2) ∼= Hom(π2(Vd),Z/2) is non-zero.
We have seen that w2(TVd) = (5− d)t, so (5.8) is surjective if and only if d is even.
Let us abuse notation by writing t ∈ H2(Bd;Z) for the unique class which pulls
back to t along ℓVd . If d is even, then t satisfies t ≡ w2(θ
∗
dγ) mod 2. Thus there
is a Spinc-structure on the bundle θ∗dγ with c1 = t, and choosing one provides a
commutative diagram
Bd BSpin
c(6)
BSO(6).
θd
f
It may be directly checked using the above calculations that the map f induces an
isomorphism on all homotopy groups, so is a weak equivalence (over BSO(6)).
If d is odd then we have w2(θ
∗
dγ) = 0, so we may choose a Spin-structure on the
bundle θ∗dγ, which provides a commutative diagram
Bd BSpin(6)
BSO(6).
θd
h
It may be directly checked using the above calculations that the map h× t : Bd →
BSpin(6) ×K(Z, 2) induces an isomorphism on all homotopy groups, so is a weak
equivalence (over BSO(6)).
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In either case, the map
θd × t : Bd −→ BSO(6)×K(Z, 2)
is a rational homotopy equivalence (over BSO(6)), so we have
H∗(Bd;Q) = Q[t, p1, p2, e].
Writing as in the previous examples B for the set of monomials in p1, p2, and e, by
Theorem 3.3 the map
Q[κtic | c ∈ B, i ≥ 0, |c|+ 2i > 6] −→ H
∗(Mθd(Vd, ℓVd);Q)
is an isomorphism in degrees ∗ ≤ d
4−5d3+10d2−10d+4
4 , establishing (5.6).
5.3.4. Change of tangential structure. We wish to use the above to compute the
rational cohomology ofMor(Vd) in a range of degrees, so must analyse the forgetful
map Mθd(Vd, ℓVd) →M
or(Vd). We shall do this in two stages, given by the maps
of tangential structures
Bd BSO(6)×K(Z, 2) BSO(6)
BSO(6).
θd
u=θd×t
µ
µ
Id
The space of θd-structures on Vd refining the µ-structure u ◦ ℓVd is homotopy
equivalent to the space of lifts
Bd
Vd BSO(6)×K(Z, 2),
u
u◦ℓVd
and π0(hAut(u)) acts on the set of homotopy classes of such lifts. If G ≤ hAut(u)
is the submonoid of those path components that preserve the θd-structure ℓVd up
to diffeomorphisms of Vd preserving the µ-structure u◦ ℓVd, then there is a fibration
sequence
Mθd(Vd, ℓVd) −→M
µ(Vd, u ◦ ℓVd) −→ BG.
By the discussion in Remark 4.11, G = hAut(u)[Vd,ℓVd ] as long as g(Vd, ℓVd) ≥ 3,
and this fibration sequence is an instance of (4.9).
As we have seen above, the map u is a rational homotopy equivalence, and it
is immediate from this that πi(hAut(u)) ⊗ Q = 0 for i > 0, so G has no higher
rational homotopy groups.
We claim that π0(G) is also trivial, and in fact we shall show that π0(hAut(u))
is trivial (so G = hAut(u)). To see this, let φ ∈ hAut(u), and we must then show
that the following lifting problem admits a solution:
∂[0, 1]×Bd Bd
[0, 1]× Bd Bd BSO(6)×K(Z, 2).
Id⊔φ
u
proj u
By consideration of the cases Bd = BSpin
c(6) and Bd = BSpin(6) × K(Z, 2), we
see that the homotopy fibre of u is a K(Z/2, 1), so there is a unique obstruction to
finding the required lift, lying in
H2([0, 1]×Bd, ∂[0, 1]×Bd;Z/2) ∼= H
1(Bd;Z/2) = 0.
It follows that BG is simply-connected and has trivial higher rational homotopy
groups, so Mθd(Vd, ℓVd)→M
µ(Vd, u ◦ ℓVd) is a rational homotopy equivalence.
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Analogously to the above, if H ≤ hAut(µ) is the submonoid of those path
components that preserve the µ-structure u ◦ ℓ = τ × t up to orientation-preserving
diffeomorphism of Vd, then there is a fibration sequence
Mµ(Vd, u ◦ ℓVd) −→M
or(Vd) −→ BH.
Again, by Remark 4.11, H = hAut(µ)[Vd,u◦ℓVd ] as long as g(Vd, u ◦ ℓVd) ≥ 3, and
this fibration sequence is an instance of (4.9). As the fibration µ is trivial, we have
hAut(µ) ≃ map(BSO(6), hAut(K(Z, 2)))
≃ Z× ⋉map(BSO(6),K(Z, 2))
≃ Z× ⋉K(Z, 2).
The non-trivial path component of this monoid acts on H2(BSO(6)×K(Z, 2);Z) =
Z{t} as−1, but any orientation-preserving diffeomorphism of Vd fixes t3 ∈ H6(Vd;Z)
so acts as +1 onH2(Vd;Z) = Z{t}. Thus the non-trivial path component of hAut(µ)
does not lie in H , so H ≃ K(Z, 2). Thus the fibration sequence is of the form
Mµ(Vd, u ◦ ℓVd) −→M
or(Vd) −→ K(Z, 3).
The Serre spectral sequence for this fibration, in rational cohomology, has two
columns and so a single possible non-zero differential. In the stable range, using
the above, it has the form
E∗,∗2 = Λ[ι3]⊗Q[κtic | c ∈ B, i ≥ 0, |c|+ 2i > 6] =⇒ H
∗(Mor(Vd);Q).
It remains to determine the d3-differential, which by the Leibniz rule is done by the
following lemma.
Lemma 5.7. We have d3(κtnc) = ι3 ⊗ n · κtn−1c.
Proof. We have d3(κtnc) = ι3 ⊗ x for some x. The action map
a : K(Z, 2)×Mµ(Vd, u ◦ ℓVd) −→M
µ(Vd, u ◦ ℓVd)
classifies the following data: the Vd-bundle
π : K(Z, 2)× Eµ(Vd, u ◦ ℓVd)→ K(Z, 2)×M
µ(Vd, u ◦ ℓVd)
pulled back by projection to the second factor, equipped with the µ-structure
K(Z, 2)× Eµ(Vd, u ◦ ℓVd)
τ×t˜
−→ BSO(6)×K(Z, 2)
where τ is given by projection to Eµ(Vd, u ◦ ℓVd) and its vertical tangent bundle,
and t˜ = ι2 ⊗ 1 + 1⊗ t.
The class x is related to this action by the formula
a∗(κtnc) = 1⊗ κtnc + ι2 ⊗ x+ · · · .
Using the description above we calculate a∗(κtnc) as
π!((ι2 ⊗ 1 + 1⊗ t)
n · τ∗(c)) = π!
(
n∑
i=0
(
n
i
)
ιi2 ⊗ (t
n−i · τ∗c)
)
and the Ku¨nneth factor in H2(K(Z, 2);Z) ⊗H |κtnc|−2(Mµ(Vd, u ◦ ℓVd);Z) is ι2 ⊗
(n · κtn−1c). It follows that x = n · κtn−1c, as required. 
It follows from this lemma that the differential d3 is a surjection from the first
column to the third column, so that
H∗(Mor(Vd);Q) ∼= Ker(d3  Q[κtnc | c ∈ B, i ≥ 0, |c|+ 2n > 6])
in degrees ∗ ≤ d
4−5d3+10d2−10d+4
4 , establishing (5.7).
It may at first appear that this ring does not depend on d, but this formula is
to be understood carefully. If |κtnc| = 2 then d3(κtnc) ∈ Q is a scalar, and must be
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evaluated: this is a boundary condition for the derivation d3, and is a characteristic
number of Vd. The κtnc of degree 2 are given by the t
ic of degree 8, so are p2, p
2
1,
te, t2p1, and t
4, and these have
d3(κp2) = 0
d3(κp21) = 0
d3(κte) = κe = χ(Vd) = d · (10− 10d+ 5d
2 − d3)
d3(κt2p1) = 2κtp1 = 2d(5− d
2)
d3(κt4) = 4κt3 = 4 · d.
For the penultimate one we use the calculation of the first Pontryagin class of Vd.
As an example, H2(Mor(Vd);Q) is 4-dimensional and is spanned by the classes
κp2 , κp21 , κte −
10− 10d+ 5d2 − d3
4
κt4 , and κt2p1 −
5− d2
2
κt4 .
Remark 5.8. In the Serre spectral sequence for the fibration π : Eor(Vd)→Mor(Vd)
modelling the universal oriented Vg-bundle as in (2.4), the class t ∈ H2(Vd;Q) =
E0,22 must be a permanent cycle. (This may be seen as the Euler class of the
vertical tangent bundle TπEor(Vd) restricts to e(TVd) ∈ H6(Vg ;Q), so this must be
a permanent cycle, and this is a non-zero multiple of t3. As d3(t
3) = 3t2 · d3(t), if
d3(t) 6= 0 then t
3 would not by a permanent cycle, a contradiction.) Thus there
exists a class t¯ ∈ H2(Mor(Vd);Q) restricting to t ∈ H2(Vd;Q). We may therefore
construct the class κt¯nc := π!(t¯
nc) ∈ H∗(Mor(Vd);Q).
However, the class t¯ is not uniquely determined by the above discussion: if
δt ∈ H2(Mor(Vd);Q) is any class then t¯ = t¯+π∗(δt) is another possible choice, and
we then have
κt¯nc = π!((t¯+ π
∗(δt))nc) = κt¯nc + (δt)(n · κt¯n−1c) + (δt)
2 · · · ,
a potentially different cohomology class.
By the formula in Lemma 5.7, we may think of the derivation d3 as being
∂
∂t .
From this point of view the polynomials in the classes κtnc that lie in the kernel of
d3 =
∂
∂t are precisely those that are independent of the choice of t¯ when evaluated
in H∗(Mor(Vd);Q) as described above.
5.4. Another Spinc(6) example. For a simply-connected manifold W of dimen-
sion 2n ≥ 6, the formula of Theorem 4.5 for the homology of Mor(W ) in a range
of degrees seems at first glance as though it only depends on the equivariant ho-
motopy type of the GL2n(R)-space Θ having an n-co-connected equivariant map
u : Θ → Z× and an n-connected equivariant map ρW : Fr(TW ) → Θ. However,
the codomain of the map (4.6) is the disconnected space (Ω∞MTΘ)//hAut(u), and
the different path-components of this space can have different cohomology, even
rationally. In this section we give an example of this behaviour.
Construction 5.9. Let V → S2 be the unique non-trivial 5-dimensional real vector
bundle, and M = S(V ) be its sphere bundle; it is an S4-bundle over S2 with the
same homology as S4×S2. If we write π :M → S2 for the bundle projection, then
there is an isomorphism TM ∼= π∗(V ) ⊕ ε1. In particular, the Spinc-structure on
V given by a generator of H2(S2;Z) gives one on M (which is Spinc-nullbordant),
and the corresponding map ℓM : M → BSpin
c(6) is 3-connected. This induces a
Spinc-structure on Mg := M#g(S
3 × S3) such that ℓMg : Mg → BSpin
c(6) is also
3-connected.
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Let θ : BSpinc(6) → BSO(6). As in the last section, if K ≤ hAut(θ) is the
submonoid of those path components that stabilise the θ-structure ℓMg up to dif-
feomorphism of Mg, then there is a fibration sequence
Mθ(Mg, ℓMg ) −→M
or(Mg) −→ BK.
Lemma 5.10. We have hAut(θ) ≃ Z× ⋉K(Z, 2).
Proof. The fibration θ : BSpinc(6) → BSO(6) has fibre K(Z, 2), and is principal,
so there is an action of K(Z, 2) on BSpinc(6) fibrewise over BSO(6). Furthermore,
writing Spinc(6) = Spin(6)×Z× U(1) we see that complex conjugation on the U(1)
factor gives an involution c of BSpinc(6) over BSO(6). Together these give a map
Z× ⋉K(Z, 2)→ hAut(θ) which can be shown to be an equivalence by obstruction
theory just as in §5.3.4 or the proof of Lemma 5.2. 
Lemma 5.11. We have K = hAut(θ).
Let us give two proofs of this lemma, one in terms of the manifolds themselves,
and one using the infinite loop spaces of the relevant Thom spectrum.
Proof. The proof of the previous lemma shows that if ℓ and ℓ′ are two θ-structures
on Mg then there is a unique obstruction to them being homotopic, namely
ℓ∗(t)− (ℓ′)∗(t) ∈ H2(Mg;Z).
We therefore see that ℓMg and c ◦ ℓMg , where c is the involution of BSpin
c(6)
over BSO(6), are not fibrewise homotopic as the obstruction is 2ℓ∗Mg(t) 6= 0 ∈
H2(Mg;Z).
However, pulling back the vector bundle V → S2 along a diffeomorphism of S2
of degree −1 gives an isomorphic oriented vector bundle, as π2(BSO(5)) = Z/2,
and so this degree −1 diffeomorphism is covered by a diffeomorphism M → M
which acts as −1 on H2(M ;Z) and as +1 on H4(M ;Z), so is orientation-reversing.
Composing this with the fibrewise antipodal map of π : M → S2 gives a diffeo-
morphism ϕ : M → M which acts as −1 on both H2(M ;Z) and H4(M ;Z), so is
orientation-preserving: we may then isotope it to fix a disc, and hence extend it to
a diffeomorphism ϕg :Mg →Mg acting as −1 on H2(M ;Z) and on H4(M ;Z).
Now the θ-structures ℓMg ◦Dϕg and c ◦ ℓMg on Mg are homotopic, as
(ℓMg ◦Dϕg)
∗(t) = ϕ∗g(ℓ
∗
Mg (t)) = −ℓ
∗
Mg (t) = ℓ
∗
Mg (−t) = (c ◦ ℓMg )
∗(t).
This shows that c ∈ hAut(θ) lies in the submonoidK, as it preserves the θ-structure
ℓMg up to a diffeomorphism of Mg. 
Alternative proof. By the discussion in Remark 4.11, the submonoid K ≤ hAut(θ)
agrees with hAut(θ)[Mg ,ℓMg ] as long as g ≥ 3, so is the stabiliser of α(Mg, ℓMg ) ∈
π0(MTSpin
c(6)).
Thomifying the map BSpinc(6)→ BSpinc gives a fibre sequence of spectra
F −→MTSpinc(6) −→ Σ−6MSpinc
and it is easy to check that F is connective and has π0(F ) ∼= Z. We therefore have
an exact sequence
π0(F ) ∼= Z −→ π0(MTSpin
c(6)) −→ π6(MSpin
c) = ΩSpin
c
6 ,
and the left-hand map can be seen to send a generator to α(S6, ℓS6), where ℓS6 is
the unique Spinc(6)-structure on S6 compatible with its orientation.
As the Spinc(6)-manifoldM is constructed as the sphere bundle of a Spinc vector
bundle, its class is trivial in ΩSpin
c
6 as it bounds the associated disc bundle; similarly
for Mg = M#g(S
3 × S3). Thus α(Mg, ℓMg ) is a multiple of α(S
6, ℓS6) (by taking
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Euler characteristic we see that it is 2 − g times it) and so is fixed by hAut(θ), as
the Spinc(6)-structure on S6 is unique given its orientation. 
We may therefore develop the following diagram of fibration sequences
Mθ(Mg, ℓMg ) Xg K(Z, 3)
Mθ(Mg, ℓMg ) M
or(Mg) B(Z× ⋉K(Z, 2))
∗ BZ× BZ×,
whose middle row is the fibration sequence, with lower middle arrow defined to
make the bottom right-hand square commute, and Xg as its homotopy fibre, and
top right-hard square homotopy cartesian.
The calculation of the previous section applies to the top row, showing that
H∗(Xg;Q) = Ker(d3  Q[κtnc | c ∈ B, i ≥ 0, |c|+ 2n > 6])
in a stable range, this time subject to the boundary conditions
d3(κte) = κe = χ(Mg) = 4− 2g
d3(κt2p1) = 2κtp1 = 0
d3(κt4) = 4κt3 = 0.
However, now the Serre spectral sequence for the middle column gives the calcula-
tion
H∗(Mor(Mg);Q) = H
∗(Xg;Q)
Z× = Ker(d3  Q[κtnc | c ∈ B, i ≥ 0, |c|+ 2n > 6])
Z×
in a stable range, where the invariants are taken with respect to the involution
t 7→ −t.
Let us explain something of the structure of this ring in low degrees. In particular,
we shall see that unlike the previous examples it not a free graded-commutative
algebra, even in the stable range where our formulae apply. Before taking Z×-
invariants, in degree 2 the kernel is spanned by {κp2 , κp21 , κt2p1 , κt4}, and these
classes are all fixed by the involution, giving
dimQH
2(Mor(Mg);Q) = 4.
In degree 4 the kernel of d3 is 16 dimensional, spanned by the 10-dimensional vector
space Sym2(Q{κp2 , κp21 , κt2p1 , κt4}) along with the classes
κteκp2 − (4 − 2g)κtp2
κteκp21 − (4 − 2g)κtp21
(4− 2g)κt3p1 − 3κt2p1κte
(4− 2g)κt5 − 5κt4κte
κp1e
κ2te − (4− 2g)κt2e.
Of these, the last two classes are invariant under the involution while first four are
anti-invariant, and hence
dimQH
4(Mor(Mg);Q) = 12.
In higher degrees, we find that even though, for example, the class κteκp2 − (4−
2g)κtp2 is not invariant under the involution, its square is invariant and therefore
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defines a class in H8(Mor(Mg);Q). Similarly with products of any two classes that
are anti-invariant and in the kernel of d3. In degree 16 we find the relation
((κteκp2 − (4 − 2g)κtp2)(κteκp21 − (4− 2g)κtp21))
2
= (κteκp2 − (4− 2g)κtp2)
2(κteκp21 − (4− 2g)κtp21)
2
among squares of classes of degree 8, showing that the ring is not free.
6. Abelianisations of mapping class groups
The theory described above may in principle be used for calculations in integral
homology and cohomology, though this is of course far more difficult. In practice
such calculations are restricted to low dimensions, and have a different flavour to
those described in §5. Here one must obtain information about the low-dimensional
homology of Ω∞MTΘ, which is roughly the same as the low-dimensional homotopy
of Ω∞MTΘ, which is the homotopy of the spectrumMTΘ in small positive degrees.
But the spectrum MTΘ is non-connective, so computing its πi is comparable to
computing πi+2n of a connective spectrum (in the alternative proof of Lemma 5.11
we have already engaged with this a bit, though we avoided having to actually
compute).
As an example of the kinds of calculations that one is required to make, and to
give some ideas of the kinds of techniques that can be used to tackle them, in this
section we shall survey the calculation in [GRW16] of H1(M(Wg,1);Z), and then
describe analogous calculations for certain non-simply connected 6-manifolds.
Recall that for a manifold W , possibly with boundary, its mapping class group
is
Γ∂(W ) := π0(Diff∂(W )).
Equivalently, it is the fundamental group ofBDiff∂(W ), so by the Hurewicz theorem
we may identify its abelianisation as
Γ∂(W )
ab ∼= H1(BDiff∂(W );Z) ∼= H1(M(W );Z).
6.1. The manifolds Wg,1. We return to the 2n-manifolds Wg,1 of §5.1. Just as in
that section, there is a map
M(Wg,1) ≃M
θn(Wg,1, ℓWg,1) −→ Ω
∞MTθn
that for 2n ≥ 6 is a homology isomorphism in degrees ≤ g−32 onto the path compo-
nent that it hits. In particular, as long as g ≥ 5 we have isomorphisms
Γ∂(Wg,1)
ab ∼= H1(M(Wg,1);Z) ∼= H1(Ω
∞
0 MTθn;Z) ∼= π1(MTθn),
using that all path components of Ω∞0 MTθn are homotopy equivalent, that the
Hurewicz map is an isomorphism (as this space is a loop space), and that π1 of the
space Ω∞0 MTθn is the same as that of the spectrum MTθn.
In [GRW16] we attempted to calculate this group, at least in terms of other
standard groups arising in geometric topology. Here we shall summarise the results
and general strategy of that paper, though we refer there for more details.
To state the main result, consider the bordism theory Ω
〈n〉
∗ associated to the
fibration BO〈n〉 → BO given by the n-connected cover, and represented by the
spectrum MO〈n〉 (cf. [Sto68, p. 51]). The natural map BO(2n)〈n〉 → BO〈n〉
covering the stabilisation map BO(2n)→ BO provides a map of spectra
s :MTθn −→ Σ
−2nMO〈n〉,
and on π1 this gives a homomorphism s∗ : π1(MTθn) → Ω
〈n〉
2n+1. The group
π1(MTθn) is determined in terms of this as follows.
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Theorem 6.1. There is an isomorphism
s∗ ⊕ f : π1(MTθn) −→ Ω
〈n〉
2n+1 ⊕

(Z/2)2 if n is even
0 if n is 1, 3, or 7
Z/4 else
for a certain homomorphism f .
Furthermore, the groups Ω
〈n〉
2n+1 are related to the stable homotopy groups of
spheres as follows: there is a homomorphism
ρ′ : Cok(J)2n+1 −→ Ω
〈n〉
2n+1
given by considering a stably framed manifold as a manifold with BO〈n〉-structure,
which is surjective and whose kernel is generated by the class of a certain homotopy
sphere Σ2n+1Q . In several cases it follows from work of Stolz that the class of ΣQ
in Cok(J) is trivial—so ρ′ is an isomorphism—but this is not known in general.
Combining the above with known calculations of Ω
〈2〉
∗ = Ω
〈3〉
∗ = Ω
Spin
∗ and Ω
〈4〉
∗ =
ΩString∗ gives the following.
n 1 2 3 4 5 6 7
π1(MTθn) 0 (Z/2)2 0 (Z/2)4 Z/4 (Z/2)2 ⊕ Z/3 Z/2
Let us outline the proof of Theorem 6.1 which was given in [GRW16], as we shall
need to refer to details of this argument in the following section. The argument
combines methods from (stable) homotopy theory with Theorem 4.1 again. Starting
with homotopy theory, we first let F denote the homotopy fibre of the map of spectra
s : MTθn → Σ
−2nMO〈n〉, and construct a map Σ−2nSO/SO(2n) → F which can
be shown to be n-connected, for example by computing its effect on homology. On
the other hand SO/SO(2n) is (2n − 1)-connected, so by Freudenthal’s suspension
theorem the map
π2n+1(SO/SO(2n)) −→ π
s
2n+1(SO/SO(2n))
∼= πs1(Σ
−2nSO/SO(2n))
is an isomorphism for n ≥ 2, and similarly for one homotopy group lower. It
follows from a calculation of Paechter [Pae56] that π2n+1(SO/SO(2n)) is (Z/2)2 if
n is even and is Z/4 if n is odd, and also that π2n(SO/SO(2n)) ∼= Z. Putting the
above together, we find an exact sequence
Ω
〈n〉
2n+2
∂
−→
{
(Z/2)2 if n is even
Z/4 if n is odd
−→ π1(MTθn) −→ Ω
〈n〉
2n+1 −→ Z. (6.1)
The rightmost map is zero (as its domain is easily seen to be a torsion group). In
the cases n ∈ {1, 3, 7} it can be shown that the images of CP2, HP2, and OP2
under the leftmost map are non-zero modulo 2, so the leftmost map is surjective.
In the remaining cases one must show that the leftmost map is zero, and that the
resulting short exact sequence is split, via a homomorphism f as in the statement
of Theorem 6.1.
At this point is is convenient to use the isomorphism Γ∂(Wg,1)
ab ∼= π1(MTθn) for
some g ≫ 0. The action of Γ∂(Wg,1) on Hn(Wg,1;Z) respects the (−1)n-symmetric
intersection form λ, and if n 6= 1, 3, or 7 then it also respects a certain quadratic
refinement µ of this bilinear form. This yields a homomorphism
Γ∂(Wg,1) −→ Aut(Hn(Wg,1;Z), λ, µ).
These automorphism groups have been studied by other authors, and their abelian-
isations have been identified (for g ≫ 0) as (Z/2)2 if n if even or Z/4 if n is odd.
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A careful analysis of the maps involved shows that the resulting homomorphism
f : π1(MTθn) ∼= Γ∂(Wg,1)
ab −→ Aut(Hn(Wg,1;Z), λ, µ)
ab ∼=
{
(Z/2)2 if n is even
Z/4 if n is odd
splits the short exact sequence arising from (6.1), as required.
Remark 6.2. The Pontryagin dual of the finite abelian group H1(M(Wg,1);Z) cal-
culated here is the torsion subgroup of H2(M(Wg,1);Z). The torsion free quotient
of the latter group has been analysed in detail by Krannich and Reinhold [KR18].
The (unknown, at present) order of the element [ΣQ] ∈ Cok(J)2n+1 arises there
too.
6.2. Some non-simply-connected 6-manifolds. For the example discussed in
the previous section the theory described above is not the only way to calculate
Γ∂(Wg,1)
ab, because Kreck [Kre79] has described the groups Γ∂(Wg,1) up to two
extension problems, and Krannich [Kra19] has recently resolved these extensions
completely for n odd, and determined enough about them to calculate Γ∂(Wg,1)
ab
for all n ≥ 3 and all g ≥ 1. However, for even slightly more complicated mani-
folds such an alternative approach is not available, and we suggest that the theory
described above is the best way to approach the calculation of Γ∂(W )
ab. In this
section we illustrate this with an example which seems inaccessible by other means.
Let G be a virtually polycyclic group, and consider a compact 6-manifold W
such that
(i) a map τW classifying the tangent bundle of W admits a lift ℓW along
θ : BSpin(6)×BG
pr1−→ BSpin(6) −→ BO(6)
such that ℓW :W → BSpin(6)×BG is 3-connected, and
(ii) (W,∂W ) is 2-connected.
Such manifolds exist for any virtually polycyclic G: these groups satisfy Wall’s
[Wal65] finiteness condition (F ) by [Rat83, p.183], and so also (F3), so W may be
taken to be a regular neighbourhood of an embedding of a finite 3-skeleton of BG
into R6. As further examples of such manifolds, one may take
W = (M3 ×D3)#g(S3 × S3) (6.2)
where M3 is a closed oriented 3-manifold that is irreducible (so that π2(M) = 0)
and has virtually polycyclic fundamental group.
Recall from §4.7 that the Hirsch length of a virtually polycyclic group is the
number of infinite cyclic quotients in a subnormal series.
Theorem 6.3. Suppose that G is virtually polycyclic of Hirsch length h, and W is
a 6-manifold satisfying (i) and (ii) above, of genus g(W ) ≥ 7 + h. Then there is a
short exact sequence
0 −→ Gab −→ Γ∂(W )
ab −→ ko7(BG) −→ 0
which is (non-canonically) split.
This short exact sequence was first established by Friedrich [Fri18], who also
showed that it is split after inverting 2. We shall give a different argument to hers,
which gives the splitting at the prime 2 as well.
The following three examples concern the manifoldsW of construction (6.2) with
M a 3-manifold having finite fundamental group, and g ≥ 7 so the hypotheses of
Theorem 6.3 are satisfied.
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Example 6.4. Let M3 = L3p,q be the (p, q)th lens space, with fundamental group
G = Z/p with p prime. Then we have
Γ∂(W )
ab ∼=

Z/2⊕ Z/4 if p = 2
Z/3⊕ Z/9 if p = 3
(Z/p)3 if p ≥ 5.
The required calculation of ko7(BZ/p) may be extracted from [BG10, Example
7.3.1] for p = 2, and from the Atiyah–Hirzebruch spectral sequence, the fact that
ko∗(BZ/p)[
1
2 ] is a summand of ku∗(BZ/p)[
1
2 ], and [BG03, Remark 3.4.6] for odd p.
Example 6.5. Let M3 be the spherical 3-manifold with fundamental group G =
Q8. Then we have
Γ∂(W )
ab ∼= (Z/2)2 ⊕ (Z/4)2 ⊕ Z/64.
The required calculation of ko7(BQ8) may be extracted from [BG10, p. 138].
Example 6.6. LetM3 = Σ3 be the Poincare´ homology 3-sphere, with fundamental
group G the binary icosahedral group, isomorphic to SL2(F5). Then g we have
Γ∂(W )
ab ∼= (Z/5)2 ⊕ Z/9⊕ Z/64.
As Σ3 is a homology sphere, H1(BG;Z) ∼= H1(Σ3;Z) = 0 so we must just
calculate ko7(BG). The order of G ∼= SL2(F5) is 120 = 23 · 3 · 5, so we shall
calculate the localisations ko7(BG)(p) for p ∈ {2, 3, 5}. Recall that the cohomology
ring of BG is H∗(BG;Z) = Z[z]/(120 · z) with |z| = 4, which may be computed
from the fibration sequence S3 → Σ3 → BG.
When p is odd, G has cyclic Sylow p-subgroup, so by transfer ko7(BG)(p) is
a summand of ko7(BZ/p)(p), which we have explained in Example 6.4 is Z/9 for
p = 3 and (Z/5)2 for p = 5. Comparing this with the Atiyah–Hirzebruch spectral
sequence computing ko∗(BG)(p) gives the claimed answer.
When p = 2, G has Sylow 2-subgroup Q8, so by transfer ko7(BG)(2) is a sum-
mand of ko7(BQ8)(2), which we have explained in Example 6.4 is (Z/4)
2⊕Z/64. By
a theorem of Mitchell and Priddy [MP84, Theorem D] there is a stable splitting of
BQ8 as BG(2)∨X∨X for some spectrum X , from which it follows that ko7(BG)(2)
is either Z/64 or (Z/4)2 ⊕ Z/64; we may see that the first case occurs from the
Atiyah–Hirzebruch spectral sequence computing ko∗(BG)(2).
The rest of this section is concerned with the proof of Theorem 6.3.
6.2.1. Reduction to homotopy theory. We have assumed that (W,∂W ) is 2-connected,
so by Lemma 4.15 we have that hAut(θ, ∂W ) ≃ ∗. Thus by Theorem 4.1 and the
discussion in §4.7 there is a map
α :M(W ) ≃Mθ(W ) −→ Ω∞MTθ = Ω∞(MTSpin(6) ∧BG+)
which induces an isomorphism on homology onto the path component that it hits
in degrees ∗ ≤ g(W )−h−52 , so in particular as long as g(W ) ≥ 7 + h it induces an
isomorphism on first homology. As described above the first homology ofM(W ) is
the abelianisation of the mapping class group Γ∂(W ), so to establish Theorem 6.3
we must establish a short exact sequence
0 −→ Gab −→ π1(MTSpin(6) ∧BG+) −→ ko7(BG) −→ 0 (6.3)
and show that it is split.
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6.2.2. The exact sequence. Specialising the construction in §6.1 to 2n = 6, we
showed that there is a cofibration sequence of spectra
F −→MTSpin(6) −→ Σ−6MSpin, (6.4)
that F is connective, and that π0(F ) ∼= Z and π1(F ) ∼= Z/4. The Atiyah–Hirzebruch
spectral sequence for F ∧BG+ gives isomorphisms
π0(F ∧BG+) ∼= Z π1(F ∧BG+) ∼= Z/4⊕H1(BG;Z)
where the splitting in the latter is induced by the retraction S0 → BG+ → S0 of
pointed spaces. Smashing the cofibration sequence (6.4) with BG+, the associated
long exact sequence of homotopy groups has the form
ΩSpin8 (BG)
∂
−→ Z/4⊕H1(BG;Z) −→ π1(MTSpin(6)∧BG+) −→ Ω
Spin
7 (BG) −→ Z
and by naturality the long exact sequence for G = {e} splits off of this one. As
π1(MTSpin(6)) = 0 by Theorem 6.1, and Ω
Spin
7 = 0 by [Mil63], by the discussion
in §6.1 this leaves an exact sequence
Ω˜Spin8 (BG)
∂
−→ H1(BG;Z) −→ π1(MTSpin(6) ∧BG+) −→ Ω
Spin
7 (BG) −→ 0.
The Atiyah–Bott–Shapiro map MSpin → ko is 8-connected, so the induced map
ΩSpin7 (BG) → ko7(BG) is an isomorphism. To obtain the claimed short exact
sequence we shall therefore prove the following.
Lemma 6.7. If G is finitely-generated then the connecting map ∂ : Ω˜Spin8 (BG) →
H1(BG;Z) is trivial.
Proof. If this connecting map were non-trivial for some finitely-generated G, then
because every non-trivial element of H1(BG;Z) = Gab remains non-trivial under
some homomorphism Gab → Z/pk with p prime and k ≥ 1, by naturality this
connecting map would be non-trivial for G = Z/pk. So it suffices to show that the
map is trivial in this case.
As MSpin → ko is 8-connected, the map Ω˜Spin8 (BG) → k˜o8(BG) is an isomor-
phism. The result then follows as k˜o8(BZ/pk) = 0, by a trivial application of the
Atiyah–Hirzebruch spectral sequence for p odd and by [BGS97, Theorem 2.4] for
p = 2. 
6.2.3. Simplifying the splitting problem. Let x : F → HZ be the 0-th Postnikov
truncation of F . The composition
k : Σ−6MSpin
∂
−→ ΣF
Σx
−→ ΣHZ
represents, under the Thom isomorphism, some element κ ∈ H7(BSpin;Z) which
we identify as follows.
Lemma 6.8. We have κ = β(w6).
Proof. We have H7(BSpin;Z/2) = Z/2{w7}, but w7 of course vanishes when re-
stricted to BSpin(6). The long exact sequence on Z/2-cohomology for (6.4) contains
the portion
H1(MTSpin(6);Z/2)←− H1(Σ−6MSpin;Z/2) = Z/2{w7 · u−6} ←− H
1(ΣF ;Z/2)
and the left-hand map is zero, so the right-hand map is surjective. As the map x
is 1-connected, the map Σx is 2-connected, so we have an isomorphism
(Σx)∗ : Z/2{Σι} = H1(ΣHZ;Z/2)
∼
−→ H1(ΣF ;Z/2).
It follows that κ reduces to w7 6= 0 modulo 2. The integral cohomology of BSpin
is known to only have torsion of order 2 (this may be deduced from [Kon86]), so
the Bockstein sequence for BSpin shows that H7(BSpin;Z) = Z/2, which must
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therefore be generated by βw6 as this reduces modulo 2 to Sq
1(w6) = w7. Thus
κ = β(w6). 
As w6 · u−6 = Sq
6(u−6), we may write the map k as the composition
k : Σ−6MSpin
u−6
−→ Σ−6HZ/2
Sq6
−→ HZ/2
β
−→ ΣHZ
and so we may form a spectrum E fitting into the diagram
MTSpin(6) Σ−6MSpin ΣF
E Σ−6HZ/2 ΣHZ
∂
u−6 Σx
βSq6
in which the rows are homotopy cofibre sequences. Smashing with BG+ and con-
sidering the map of long exact sequences gives
ΩSpin8 (BG) H8(BG;Z/2)
Z/4⊕H1(BG;Z) H1(BG;Z)
π1(MTSpin(6) ∧BG+) π1(E ∧BG+)
ΩSpin7 (BG) H7(BG;Z/2)
0 H0(BG;Z)
(βSq6)∗=0
pr2
σG
(βSq6)∗=0
where the columns are exact and the two indicated maps are zero by instability of
the (co)homology operation βSq6 in these degrees. It therefore suffices to show that
the right-hand short exact sequence has a dashed splitting σG as indicated. (Note
that the commutativity of the top square gives another proof of Lemma 6.7.)
6.2.4. Reducing the splitting problem to cyclic groups. The abelianisation homomor-
phism a : G→ Gab induces a map on the short exact sequences of the form
0 H1(BG;Z) π1(E ∧BG+) H7(BG;Z/2) 0
0 H1(BG
ab;Z) π1(E ∧BGab+ ) H7(BG
ab;Z/2) 0
= a∗ a∗
σ
Gab
so if we can show that the short exact sequence is split for Gab, say via the dashed
homomorphism σGab , then the sequence for G is also split, via σG := σGab ◦ a∗.
This reduces us to studying abelian groups.
On the other hand, if such short exact sequences are split for each cyclic group
of prime power order or Z, then we may write Gab = C1⊕· · ·⊕Cn for cyclic groups
Ci of prime power order or Z and combine their splittings to obtain one for Gab
(though of course it depends on the choice of expression for Gab as a sum of cyclic
subgroups, so is not canonical). We have therefore reduced the question of splitting
the short exact sequences (6.3) to the case of such cyclic groups.
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6.2.5. The splitting for G = Z/pk or Z. If G = Z or G = Z/pk with p odd then
H7(BG;Z/2) = 0 and so the short exact sequence becomes
0 −→ G −→ π1(E ∧BG+) −→ 0 −→ 0
which is certainly split.
For G = Z/2k we must go to more trouble: in this case the short exact sequence
becomes
0 −→ Z/2k −→ π1(E ∧BZ/2
k
+) −→ Z/2 −→ 0 (6.5)
so is either split or else π1(E ∧ BZ/2k+) ∼= Z/2
k+1. Consider first smashing the
cofibre sequence defining E with S/2, giving the cofibration sequence
S/2∧E −→ S/2∧Σ−6HZ/2 ≃ Σ−6HZ/2∨Σ−5HZ/2
Sq7∨Sq6
−→ ΣHZ/2 ≃ S/2∧HZ.
Now further smashing this with BZ/2k+ and considering the long exact sequence
on homotopy groups gives an exact sequence
H8(BZ/2k;Z/2)⊕H7(BZ/2k;Z/2) H1(BZ/2k;Z/2)
π1(S/2 ∧ E ∧BZ/2k+) H7(BZ/2
k;Z/2)⊕H6(BZ/2k;Z/2)
H0(BZ/2k;Z/2)
Sq7
∗
⊕Sq6
∗
Sq7
∗
⊕Sq6
∗
and so π1(S/2 ∧ E ∧ BZ/2k+) has cardinality 8, because the homology operations
Sq7∗ and Sq
6
∗ are zero in these degrees by instability. On the other hand computing
with the long exact sequence as above gives an exact sequence
0 −→ Z = H0(BZ/2
k;Z) −→ π0(E ∧BZ/2
k
+) −→ H6(BZ/2
k;Z/2) = Z/2 −→ 0
which is split via BZ/2k+ → S
0. Thus
Ker(2 · − : π0(E ∧BZ/2
k
+)→ π0(E ∧BZ/2
k
+)) = Z/2
and so, as π1(S/2 ∧E ∧BZ/2k+) has cardinality 8, it follows that
Coker(2 · − : π1(E ∧BZ/2
k
+)→ π1(E ∧BZ/2
k
+))
has cardinality 4. Thus π1(E ∧BZ/2k+) cannot be cyclic, so (6.5) is split.
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